REPRESENTATION THEORY OF AN INFINITE QUIVER 

RAYMUNDO BAUTISTA, SHIPING LIU, AND CHARLES FAQUETTE 

Abstract. This paper deals with the representation theory of a locally fi- 
nite quiver in which the number of paths between any two given vertices is 
finite. We first study some properties of the finitely presented or co-presented 
representations, and then construct in the category of locally finite dimen- 
sional representations some almost split sequences which start with a finitely 
co-presented representation and end with a finitely presented representation. 
Furthermore, we obtain a general description of the shapes of the Auslander- 
Reiten components of the category of finitely presented representations and 
prove that the number of regular Auslander-Reiten components is infinite if 
and only if the quiver is not of finite or infinite Dynkin type. In the infinite 
Dynkin case, we shall give a complete list of the indecomposable representa- 
tions and an explicit description of the Auslander-Reiten components. Finally, 
we apply these results to study the Auslander-Reiten theory in the derived cat- 
egory of bounded complexes of finitely presented representations. 

Introduction 

As the best understood and the most stimulating part of the representation theo- 
ry of finite dimensional algebras, the theory of representations of a finite quiver 
without oriented cycles has been extensively studied over the last four decades; see, 
for example, [HI El HIl EH EH EH |36] . On the other hand, the Auslander-Reiten 
theory of irreducible morphisms and almost split sequences provides an indispens- 
able powerful tool for the representation theory and it appears in many other areas 
such as algebraic geometry and algebraic topology; see [SI El E3]- The impact of 
these two theories to other branches of mathematics is best illustrated by their 
recent interaction with the theory of cluster algebras via the cluster category; see, 
for example, [HI HI]. Now, new developments require the study of representations 
of an infinite quiver. For instance, in order to classify the noetherian Ext-finite 
hereditary abelian categories with Serre duality, Reiten and Van den Bergh inves- 
tigated the category of finitely presented representations of a locally finite quiver 
without left infinite paths; see [34j . In particular, they showed that this cate- 
gory has right almost split sequences and obtained some partial description of its 
Auslander-Reiten components. Later, by considering representations of ray quivers 
which are infinite in general, Ringel provided an alternative construction of the 
noetherian Ext-finite hereditary abelian categories which have Serre duality and 
non-zero projective objects; see [38]. More recently. Holm and J0rgensen stud- 
ied a cluster category of infinite Dynkin type, which can be constructed from the 
category of finite dimensional representations of a quiver of type Aoo and whose 
Auslander-Reiten quiver is of shape ZAqo; see ^2]. Finally, the bounded derived 
category of a finite dimensional algebra with radical squared zero is determined by 
the category of finitely co-presented representations of a covering of the ordinary 
quiver of the algebra which is usually infinite; see [lOj . and homogeneous vector 
bundles over certain algebraic variety are characterized by the finite dimensional 
representations of some infinite quiver; see [21] . 
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All these motivate us to study representations of a quiver in the most general 
setting. Indeed, we shall work with an arbitrary base field k and a quiver Q which 
is assumed only to be locally finite such that the number of paths between any 
given pair of vertices is finite. The main objective of this paper is to present a 
complete picture of the Auslander-Reiten theory in the category of finitely presented 
fc-representations of Q and in its bounded derived category. Our results yield many 
interesting examples of Ext-finite, but not necessarily noetherian, hereditary abelian 
categories which have (left, right) almost split sequences. We outline the content 
of the paper section by section as follows. 

In Section 1, we study almost finitely presented and almost finitely co-presented 
representations; see (II. 5p . which are slightly more general than finitely presented 
and finitely co-presented representations, respectively. We shall give some combi- 
natorial characterizations of these representations; see (jl.l2|) . These will be useful 
for us to relate almost finitely presented or co-presented representations of Q to 
representations of its finite subquivers; see (|1.13p . 

In Section 2, we study the Auslander-Reiten theory in the category rep(Q) of 
locally finite dimensional fc-representations of Q. We first construct almost split 
sequences which start with a finitely co-presented representation and end with a 
finitely presented one; see (|2.8p . and then study some important properties of the 
Auslander-Reiten orbits in iep{Q); see (I2.14[) . Finally, we develop some tools to 
relate almost split sequences and irreducible morphisms in rep((5) to those of locally 
finite dimensional representations of subquivers of Q ; see ()2.16|) and (|2.17|) . 

In Section 3, we start to concentrate on the study of the Auslander-Reiten theory 
in the category rep+((5) of finitely presented fc-representations of Q. We shall show 
that irreducible morphisms between indecomposable representations in rep^((5) are 
irreducible in iep{Q); see (|3.5p . and almost split sequences in rep+((5) have finite 
dimensional starting term and remain almost split in rep((5); see p.6|) . This will 
enable us to find necessary and sufficient conditions so that rep+((5) has (left, right) 
almost split sequences; see (|3.7I) and (13.81) . 

In Section 4, we shall give a general description of the Auslander-Reiten quiver 
^rop+(Q) of rep~'"((9), which is defined since rep+((3) is Krull-Schmidt; see [27l (2.1)]. 
In case Q is connected, /^rep+(Q) ha-s a unique preprojective component which is a 
predecessor-closed subquiver of NQ°P; see (j4.6|) . The preinjective component corre- 
spond to the connected components of the subquiver of Q generated by the vertices 
which are not ending point of any left infinite paths, and they are finite or infinite 
successor-closed subquiver of N~Q°'P; see (|4.7p . In particular, the number of prein- 
jective components varies from zero to infinity. The other connected components 
of r^^p+(^Qj, called regular components, are of shape N~Aoo, NAqo, ZAqo, or finite 
wings; see (|4.14p . As a consequence, /^rcp+(Q) is always symmetrically valued. At 
the end of this section, some conditions on Q will be given so that at most one type 
of regular components will appear; see (|4.16p and (|4.17|) . 

In Section 5, we study the representation theory of infinite Dynkin types Aqo, 
A^, and Dqo- As in the finite Dynkin case, we shall obtain a complete list of the 
indecomposable representations in rep"*" (Q) ; see (|5.9|) and (|5.19|) . In case Q is of type 
Aoo or A^, we shall describe the irreducible morphisms between indecomposable 
representations and determine the almost split sequences with an indecomposable 
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middle term; see ()5.10p and (|5.12|) . This allows us to give an explicit description of 
the connected components of -riop+(Q) ioi each of the three infinite Dynkin types; 
see (I5.16p . (|5.17p . and (I5.22p . In summary, F^-cp+^Q) has at most four connected 
components of which at most two are regular. 

In Section 6, we prove that /^rop+(Q) has infinitely many regular components in 
case Q is not of finite or infinite Dynkin type; see (|6.4p . Moreover, we will show that 
each of the four types of regular components could appear infinitely many times in 
certain particular situation; see (I6.6p . 

In Section 7, we study the Auslander-Reiten theory in the bounded derived cate- 
gory _D^(rep+((5)) of rcp+(Q). Indeed, for an arbitrary hereditary abelian category 
H, we shall describe the so-called connecting almost split triangles in D^{'H) and 
prove that all other almost split triangles are induced from the almost split se- 
quences in 7i; see (|7.2p . Combining this with previously obtained results, we get a 
general description of the Auslander-Reiten quiver of D^{iep'^{Q)); see (|7.7p . (I7.9P 
and (|7.10p . We conclude the paper with some necessary and sufficient conditions 
on Q so that _D''(rep+((5)) has (left, right) almost split triangles; see (|7.11l) . 

1. Almost finitely presented representations 

The objective of this section is to investigate two classes of representations, 
called almost finitely presented and almost finitely co-presented, of a quiver over a 
field. This will yield several hereditary abelian categories, some of them are KruU- 
Schmidt in which we shall be able to study the Auslander-Reiten theory. Since 
a direct sum of injective modules is not necessarily injective, we shall concentrate 
on almost finitely co-presented representations while the corresponding results for 
almost finitely presented representations will follow dually. 

We start by introducing some combinatorial terminology and notation. Through- 
out this paper, Q = {Qo,Qi) stands for a quiver, where Qo is the set of vertices 
and Qi is the set of arrows. Let a : a; — y be an arrow in Q. We call x the starting 
point and y the ending point of a, and write s{a) = x and e{a) = y. One introduces 
a formal inverse with s{a^^) — y and e(a~^) = x. An edge in Q is an arrow or 
the inverse of an arrow. To each vertex x va Q, one associates a trivial path, also 
called trivial walk, Sx with s{ex) — e{ex) — x. K non-trivial walk w in Q is a finite 
or infinite product 

where the c,; are edges such that e(ci) — s(ci+i) for all i, whose inverse is the 
product 

Such a walk w is called reduced if q+i ^ c^^ for every i, and acyclic if it passes 
through any given vertex in Q at most once. Clearly an acyclic walk is reduced. If 
w is a finite or infinite product 

• • ■ C,; • • • C2C1, 

then we call ci the initial edge oi w, we define s(w) — s(ci), the starting point of 
w, and we write w ■ £s{w) — w. Dually, if u; is a finite or infinite product 



C1C2 ■■■Ci-- - , 
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then wc call ci the terminal edge of w, we define e{w) = e(ci), the ending point of 
w, and we write es(w) • w = w. An infinite walk w is called right infinite if s{w) is 
defined, left infinite if e{w) is defined, and double infinite if neither s{w) nor e(w) 
is defined. Clearly, w is finite if and only if both s{w) and e{w) are defined, and in 
this case, we call w a walk from s{w) to e{w). 

A non-trivial walk in Q is called a path if all of its edges are arrows. A middle 
point of a path is a vertex which appears in the path but is neither the starting 
point nor the ending point. A path is called maximal if it is not a proper subpath 
of any other path in Q. Let x,y be vertices in Q. If Q contains a path p from x 
to y, then we say that x is a predecessor of y which is trivial or immediate if p is a 
trivial path or an arrow, respectively; while y is a successor of x which is trivial or 
immediate if p is a trivial path or an arrow, respectively. 

For X e Qq, wc denote by x+ and the set of arrows starting in x and the 
set of arrows ending in x, respectively. We say that a; is a sink vertex or a source 
vertex if x+ = or x~ = 0, respectively. Moreover, one says that Q is locally finite 
if x+ and x^ arc finite for any x G Qo, and in this case, one defines the weight of 
x to be the sum of the cardinalities of x~ and x~^. For x,y G Qo, let Q{x, y) stand 
for the set of paths in Q from x to y. One says that Q is interval-finite if Q{x,y) 
is finite for any x,y £ Qq. For short, wc say that Q is strongly locally finite if it is 
locally finite and interval-finite. Note that Q contains no oriented cycle in case it 
is interval-finite. 

Let 17 be a subquiver of Q. We shall say that S is full if, for any vertices x,y in 
E, all the arrows in Q from x to y lie in S; convex if, for any vertices x, y in E, all 
the paths in Q from x to y lie in S; predecessor-closed if every path in Q ending in 
some vertex in S lies entirely in S; and successor-closed if every path in Q starting 
in some vertex in E lies entirely in E. 

From now on, k denotes an arbitrary field and Q is a strongly locally finite 
quiver. We shall compose morphisms in any category from the right to the left, 
and all tensor products are over k. A representation M of Q over k, or simply a 
k-representation, consists of a family of fc-spaces M{x) with x G Qo, and a family 
of fc-maps M{a) : M{x) — >■ M{y) with a : a; — > y in Qi. For each path p in Q, 
we write M{p) = 1m(x) if P = £x and M{p) = M{ar) ■ ■ ■ M{ai) if p = ■ • ■ ai 
with ai, . . . ,ar G Qi- Recall that a morphism f : M ^ N oi fc-representations 
of Q consists of a family of /c-maps f{x) : M{x) N{x) with x G Qo such that 
f{y)M{a) = N{a)f{x), for every arrow a : x ^ y. Let M be a fc-representation 
of Q. The socle of M, written as socM, is the sub-representation of M so that 
(socM)(a;), for any x G Qo, is the intersection of the kernels of the maps M{a) with 
a G a;+; the radical of M, written as radM, is the sub-representation of M such that 
(radM)(x), for any .x G Qo, is the sum of the images of the maps M{f3) with /3 G x~; 
and the top of M, written as topM, is the quotient M/i&dM. We shall say that 
topM is essential over M if radM is superfluous in M. Furthermore, the support of 
a representation M, written as suppM, is the full subquiver of Q generated by the 
vertices x for which M{x) 0. One says that M is sincere if suppM = Q, finitely 
supported if suppM is flnite, and supported by a subquiver 17 of Q if suppM C E. 
Finally, M is called locally finite dimensional if M{x) is of finite fc-dimension for 
all X G Qo; and finite dimensional if ^^^q^ dimM(x) is finite. We shall denote 
by Rep(Q) the abelian category of all ^-representations of Q, which is known to be 
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hereditary, that is, Ext^(— , — ) vanishes; see [171 (8-2)]. Moreover, Rep^((3), rep((3) 
and rep^((5) will stand for the full subcategories of Rep((5) generated by the finitely 
supported representations, by the locally finite dimensional representations, and by 
the finite dimensional representations, respectively. 

1.1. Lemma. Let M be an object in Rep((5). // suppM has no right infinite path, 
then socM is essential in M. If suppAf has no left infinite path, then topAf is 
essential over M . 

Proof. We shall prove only the first part. Let be a non-zero sub-representation 
of M. Let a; be a vertex in suppM such that N{x) has a non-zero element v. If 
suppil/ has no right infinite path, then suppAf has a maximal path p starting with 
X such that N{p){v) ^ 0. Note that N{p){v) hes in TV n socM. The proof of the 
lemma is completed. 

We shall introduce more notation which will be used throughout the paper. Let 
a e Qo- The simple representation Sa at a is defined by Sa{a) — ksa and Sa{x) ~ 
for all vertices x ^ a. Moreover, let Pa be the fc-representation such that Pa{x), 
for any x G Qo, is the fc-space spanned by Q{a,x); and Pa{ot) : Pa{x) Pa{y), 
for a : X ^ y £ Qi, is the /c-map sending every path p to ap. Finally, la is the 
/c-representation such that Ia{x), for x £ Qo, is the /c-space spanned by Q{x,a); 
and Ia{ot) : Ia{x) — ?> /q(?/), for a : 2: — > ?/ G Qi, is the A;- map sending pa to p and 
vanishing on the paths which do not factor through a. Since Q is interval-finite, 
the representations Pa, la are locally finite dimensional. 

1.2. Lemma. Let I — Ia®V with a G Qo o,f^d V a non-zero k-space. If x € Qq and 
ai, ... ,as, s > 1, are the arrows in supp/ starting in x, then I{x) = Wi © • • • © Ws 
such that I{ai){Wi) ^ and I(ai){Wj) — 0, for 1 < i,j < n with i =^ j. As a 
consequence, I has an essential socle Sa (l^V . 

Proof. Let x G Qo and ai, ■ ■ ■ ,as be the arrows in supp/ starting with x. Then 
Ia{x) — Ni (B ■ ■ ■ (S) Ns, where Ni is spanned by the paths x a factoring through 
ai. By definition, Ia{ai){Ni) ^ and Ia{ai){Nj) = 0, for I < i,j < s with i ^ j. 
Since I{x) = (7Vi®y)©- ■■®{Nn(g)V) and /(a^) = Iaiai)^lv, the first part of the 
lemma follows. Since Q has no oriented cycle, Ia{a) — ksa, and for any vertex x in 
supp/, we see that supp/ has no arrow starting with x if and only if a; = a. Thus 
soc/ = Sa ®V . Furthermore, since Q is interval-finite, supp/ has no right infinite 
path. By Lemma [TTTl soc/ is essential in /. The proof of the lemma is completed. 

1.3. Proposition. Let M be an object in Rep((3) and V be a k-space. For each 
a G Qo, there exist k-linear isomorphisms which are natural in AI as follows: 

(l)M ■■ HomRep(Q)(M,^ (E)V)^ Homfc(A/(a), V), 

iPm ■■ HomRep(Q)(Pa ® V, M) Homfc(y, M{a)). 

Proof. We shall prove only the first part of the statement. Fix a G Qo- For each 
a; G Qo, we have {la ® V){x) = ®p^Q{x,a){kp ® V). Since Q has no oriented cycle, 
/a(a) = ksa. Let e^ : Ia{a)®V — be the fc-isomorphism such that e^ {£a®v) — v, 
for all V E V. Define 

(t)M ■■ HomR,op(Q) (M, Ia'S>V) Homfe (M(a), V) : f ^ e^f{a), 

which is clearly fc-linear and natural in M . If / : A/ /^ © y is a morphism such 
that (pMif) = 0, then /(a) = 0. Hence soc(/a ®V)r\ Im(/) = 0. Since soc(/a ® V) 
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is essential in V, we get f ~ 0. That is, 4'm is a monomorphism. For proving 
the surjectivity, let g : M{a) V he a, /c-map. For each x € Qo, since Q(x,a) is 
finite, we have a fc-linear map 

fix) : M{x) ^ Iaix)^V -.v^ ^peQ(x,a) P ® 9{M{p){v)). 

Let a : X — !> y be an arrow in Q. We claim that (/a (a) ® ^v)f{x) — f{y)M{a). 
Indeed, if Q{x, a) = 0, then Q{y, a) = 0, and hence f{x) = and f{y) = 0. Assume 
nowthat Q(x,a) 7^ 0. Fixv e M{x). "behave f{x){v) ^ J2peQ{x,a) P'^9{M{p){v)). 
If p = aa for some a £ Q{y,a), then Ia{a){p) ~ cr, and otherwise, Ia{a){p) = 0. 
Therefore, 

ihia) ® - S„eQ(^,,)ag5g(Af(a)Af(a)(t;)) = ,f{y){Mia)iv)). 

This establishes our claim. As a consequence, the f{x) with x G Qo form a mor- 
phism f : M ^ la (Si V in Rep{Q). By definition, (j)M{f) — eyf{a) = g. The proof 
of the proposition is completed. 

It follows from the preceding result that Pa ^ V is projective and la <E) V is 
injective in Rep((5). Moreover, Pa and la are indecomposable. Let Inj (Q) be 
the full additive subcategory of Kep{Q) generated by the objects isomorphic to 
la 03 Va with a G Qo and Va some /c-space, and let Proj (Q) be the one generated 
by the objects isomorphic to Pa CE> Ua with a G Qo and Ua some fc-space. Moreover, 
we denote by inj (Q) and proj (Q) the full additive subcategories of Inj (Q) and 
Proj (Q), respectively, generated by the locally finite dimensional representations. 

1.4. Corollary. If M is a representation in Rep(Q), then 

(1) M G Inj (Q) if and only if M is injective in Rep(Q) with socAf being finitely 
supported and essential in M; 

(2) M G Proj(Q) if and only if M is projective in Rep(Q) with topM being finitely 
supported and essential over M . 

Proof. We shall prove only Statement (1). The necessity follows from Lemma [TT^ 
and Proposition 11.31 For the sufficiency, let Af be a non-zero injective object in 
Rep(Q) such that socAf is finitely supported and essential in M. Then socAf = 
{Sai <8) Vi) © • ■ • © (S'o, ® Vs), where the Oi are vertices in Q and the Vi are non-zero 
fc-spaces. Set / = (/ai Fi) © ■ • ■ © (/a, Vs). Then socAf = sod. Observing 
that / is injective by Proposition 11.31 we have a morphism f : M ^ I which acts 
identically on socA^. Since socM is essential, / is a monomorphism. Since M 
is injective, / is a section. Since sod is essential, / is an isomorphism. Thus 
AI G Inj (Q). The proof of the corollary is completed. 

1.5. Definition. Let M be an object in Rcp(Q). We say that M is almost finitely 
co-presented if it admits an injective co-resolution 

^ M ^ lo ^ h ^ 

with/o,/i G Inj(Q), and finitely co-presented ii, in addition, /o,/i G inj(Q). Dually, 
M is called almost finitely presented if it admits a projective resolution 

^ Pi ^ Po ^ M ^ 

with Pi, Po G Proj(Q), and finitely presented if, in addition. Pi, Po G proj(Q). 
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We call a quiver top-finite if every vertex is a successor of finitely many pre- fixed 
vertices, and socle-finite if every vertex is a predecessor of finitely many pre-fixed 
vertices. 

1.6. Lemma. Let M be a representation o/Rep((5). 

(1) If M is almost finitely co-presented, then socAf is finitely supported and essen- 
tial in M , and suppil/ is socle-finite with no right infinite path. 

(2) // M is almost finitely presented, then topAf is finitely supported and essential 
over M , and suppM is top-finite with no left infinite path. 

Proof. We shall prove only (1). Assume that M is non-zero and almost finitely 
co-presented. Let M — / be the injective envelope of M, where I = {la^ <S) 
Ui) © • • • © [la^ ® Ur) with oi, . . . , Or S Qo and Ui, . . . ,Ur some non-zero fc-spaces. 
Then socM is essential in M and supported by the vertices oi, . . . , a^. Let x be 
a vertex in suppM. Choose some non-zero element v G M{x) and let L be the 
sub-representation of M generated by v. Since LHsocM ^ 0, suppL contains some 
ai with 1 < i < r. Therefore, suppL has a path from x to a^. That is, a; is a 
predecessor of in suppAf. Therefore, suppAf is socle-finite. Since Q is interval- 
finite, we see that suppAf has no right infinite path. The proof of the lemma is 
completed. 

The following result states some useful combinatorial properties of the finitely 
presented or finitely co-presented but infinite dimensional representations. 

1.7. Corollary. Let AI he an infinite dimensional representation in rep((5). 

(1) If M is finitely presented, then suppAf contains a right infinite path. 

(2) If M is finitely co-presented, then suppAf contains a left infinite path. 

Proof. We shall prove only Statement (1). Assume that M is finitely presented. 
By Lemma If. 61 suppAf is top- finite. Since suppAf is infinite and locally finite, by 
Konig's lemma, it has a right infinite path. The proof of the corollary is completed. 

We denote by Rep~((5) the full subcategory of Rep((5) generated by the almost 
finitely co-presented objects and by Rep^((5) the one generated by the almost 
finitely presented objects. 

1.8. Proposition. The categories Kep^ {Q) andI{.ep^{Q) are ahelian, hereditary, 
and closed under extensions in Rep((5). 

Proof. We shall consider only Rep^((5). Given a morphism f : Ii ^ I2 in Inj (Q), 
set I = Im(/) and consider the short exact sequence 

(*) 0^ I J —^0 ■ 

Since Rep((5) is hereditary, f , J are injective, and hence the sequence (*) splits. In 
particular, socf2 = socf © socJ. Since socf2 is finitely supported and essential 
in I2, we see that socJ is finitely supported and essential in J. By Corollarv ll.4[ 
J e Inj (Q). Now it follows from the dual of Proposition 2.1 in [4] that Rep~(Q) is 
abehan and closed under extensions in Rep(Q). Moreover, Rep~{Q) is hereditary 
since Rep((5) is so. The proof of the proposition is completed. 

Let i7 be a subquiver of Q. For each representation Af G Rep((5), we define an 
object Af^ G Rep((3), called the restriction of Af to S, by setting M^{p) = M{p) 
if p e i7; and M^(p) = otherwise, where p ranges over QqU Qi. For a morphism 
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f : M —i' N in Kep{Q), we define its restriction to S, written as : N^, by 

setting (x) — f{x) if a; G So, and (x) = otherwise, wliere x ranges over Qo- 

1.9. Definition. Let J7 be a full subquiver of Q. A representation M e Rep{Q) 
is called projective or injective restricted to S if G Proj (Q) or G Inj (Q), 
respectively. 

Let i7 be a full subquiver of Q. The complement of S is the full subquiver of 
Q generated by the vertices not in S, while the augmented complement of S is the 
full subquiver of Q generated by the vertices and the arrows not in S. Note that a 
vertex x G Sq lies in the augmented complement of S if and only if there exists an 
edge X — y with y ^ Sq. Since Q is locally finite, the augmented complement of 
S is finite if and only if the complement is finite. We shall say that S is co-finite 
in Q if its complement in Q is finite. 

1.10. Lemma. If M G Rep((3) is injective restricted to some full subquiver E of Q, 
then it is injective restricted to any co- finite predecessor-closed subquiver of S . 

Proof. Let M G Rep((5) such that G Inj (Q), where 17 is a full subquiver of 
Q. With no loss of generality, we may assume that = /, where I = la ® U 
with a G and U a non-zero fc-space. Then supp/ C E. Let 6* be a co-finite 
predecessor-closed subquiver of E. Then M^^ = I^, where A — 6*0 supp/. Observe 
that A is co-finite and predecessor-closed in supp/. As a consequence, /^ is a 
quotient of /. Since Rep((5) is hereditary, /^ is injective. Note that supp/ has no 
right infinite path since Q is interval-finite. By Lemma II. 1) soc/^ is essential in 
/j. If a G Zi, then /^ = la ® U. Otherwise, by Lemma [1.21 for any vertex x in 
the support of soc/^, there exists an arrow x — > y in supp/ with y ^ A. Since 
A is co-finite in supp/, we see that soc/^ is finitely supported. By Corollarv ll.4[ 
/_! G Inj (Q). That is, G Inj (Q). The proof of the lemma is completed. 

1.11. Proposition. The intersection of Rep~(Q) and Rep+(Q) is Rep''(Q). 

Proof. Let AI G Rep((5). If M is almost finitely presented and almost finitely 
co-presented then, by Lemma 11.61 supp A/ is both socle-finite and top-finite. Since 
Q is interval-finite, suppA/ is finite. Conversely, assume that suppA/ is finite. 
In particular, socA/ — (B^^iiSa^ ® Ui), where ai,...,a„ G Qo and Ui,...,Un 
are non-zero fc-spaces. Therefore, M has an injective envelope A/ — > /, where 
/ — ffi"=i(/ai ® Ui) G Inj(Q). Consider the short exact sequence 

(*) ^ A/ ^ / ^ J ^ 

where J is injective. By Lemma ll.6[ supp/ is socle-finite. Since Q is interval- finite, 
supp/ has no right infinite path. Since supp J C supp/, by Lemma II. 1[ socJ is 
essential in J. Denote by A the successor-closed subquiver of supp/ generated by 
suppA/. Since supp/ is socle-finite, A is finite. Let E be the complement of A in 
supp/. Then E is predecessor-closed in supp/. Restricting the sequence (*) to E 
yields a short exact sequence 

^ A4 ^ /^ ^ ^ . 

Since = 0, we get — I^- By Lemma [1.101 soc(J^) is finite. Let x be a vertex 
in the support of socJ. If a; G then x lies in the support of socJ^. Otherwise, 
X G A. This shows that soc J is finitely supported. By Corollarv ll.4l J G Inj (Q). 
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That is, M is almost finitely co-presented. Dually, M is almost finitely presented. 
The proof of the proposition is completed. 

We are ready to have a criterion for a representation to be almost finitely pre- 
sented or co-presented. 

1.12. Theorem. Let Q he a strongly locally finite quiver, and let M G Rep(Q). 

(1) M is almost finitely presented if and only if M is projective restricted to some 
co-finite successor-closed subquiver o/suppM. 

(2) M is almost finitely co-presented if and only if M is injective restricted to some 
co-finite predecessor-closed subquiver o/suppM. 

Proof. We shall prove only (2). Firstly, assume that e Inj (Q), where S is a 
co-finite predecessor-closed subquiver of suppM. Let f2 be the complement of S 
in suppAf. Then H is finite and successor-closed in suppM. Thus M^^ is a finitely 
supported sub-representation of M, and we have a short exact sequence 

^ M„ ^ Af ^ A4 ^ 

in Rep((5). By Propositions 11.81 and II. ll] Af is almost finitely co-presented. Con- 
versely, assume that M admits a minimal injective resolution 

O^A/-^/-^J— ^0 

with / = ®™ J {Ia^'^Ui) and J = ©"^^ (4^ where a^, bj £ Qq and the Ui, Vj are 

A:-spaces. Let J? be the convex hull in supp/ generated by ai, . . . , a™, 6i, . . . , 6„. 
It is easy to see that J? is finite and successor-closed in supp/. Let A be the 
complement of J? in supp/. Then A is co-finite and predecessor-closed in supp/. 
We claim that the short exact sequence 

O^A/,^/,^ J,^0 

splits. Indeed, since I^, G Inj (Q) by Lemma [l.lOi it suffices to show that 
induces a surjective map from soc/^ to soc . For this purpose, fix a vertex x in the 
support of socJ^ and a non-zero element v in (socJ^)(x). Since g{x) is surjective, 
V = g{x){u) for some u G I{x). Let ai : x — ?> x^, i = 1, . . . , s, be the arrows in 
supp/ starting with x, where xi, . . . G Q with < r < s and x^+i, ■ ■ ■ ,Xs £ A. 
It follows from Lemma [T^ that I{x) ^Wi® ■ ■ ■ ®Ws such that I{a.i){Wj) = for 
1 ^ *i J < s with i ^ j. Write u ^ ui -\- Ug with Ui G Wi. For 1 < j < r^ 

since Xj ^ A, we have I^{otj) = 0, and hence Iji{Q.j){ui + • • ■ + Ur) = 0. Since 
/(aj)(ui + - • ■+Ur) — Oioi r < j < s, we get + - • ■+Ur G (soc/^)(a:;). If r = s, then 

u G (soc/^)(a;). Otherwise, consider g(a;)(Mr+iH hw.,) G J{x). For 1 < j < r, we 

have J{aj){g{x){ur+i H h u^)) = g{xj){I{aj){ur+i H h u^)) = g{xj){0) = 0. 

For r < j < s, since ckj G Zi and v G socJ^, we have J{aj){v) — J^{aj){v) — 0. 
This yields 

Jiaj){g{x){ur+i -\ \-Us)) = g{xj){I{aj){ur+i -\ hUs)) 

= Jiaj){g{x){ui -\ hUs)) 

= 0. 

Since supp J C supp/, we have g{x){ur+i + ••• + Ug) G (socJ)(a;), and hence 
g{x){ur+i -f • • • + Us) — since x ^ bj for 1 < j < n. This shows that wi + • • • + 
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is a pre- image of v by in (soc/^)(a;). Our claim is established. As a consequence, 
e Inj {Q). Finally, S = A r\ suppM is co-finite and predecessor-closed in 
suppAf such that = M^. That is, M is injective restricted to E. The proof of 
the theorem is completed. 

Combined with Theorem ll.121 the following result and its dual allow us to reduce 
the study of almost finitely presented or co-presented representations of Q to the 
study of representations of finite quivers. 

1.13. Theorem. Let Q he a strongly locally finite quiver with a full subquiver Q' . 
Let M, N 6 Rep~ (Q) such that M (B N is supported by Q' and injective restricted 
to a full subquiver S of Q' , and let Q he a successor- closed subquiver of Q' which 
contains the socle-support of [M © N)^ and the augmented complement of S in Q' . 

(1) M = N if and only if M^^N^. 

(2) M is indecomposable if and only if M^^ is indecomposable. 

(3) A morphism f : M N is a section or a retraction if and only if f^j is a 
section or a retraction, respectively. 

Proof. First of all, we show that the fc-linear map 

(j) : HomRep(Q)(M,7V) ^ Hom Rep(Q) (M^ , ^„ ) ■ f ^ f„ 

is bijective. Let / : M — >■ iV be a morphism such that /„ =0. If a; is a vertex in the 
socle-support of N, then x lies in the socle-support of or in the complement of 
S in Q', and hence x & O. Thus f{x) = 0. Hence Im(/) n socA^ = 0. Since sociV 
is essential in TV, we get / = 0. That is, 4> is injective. 

Next, let A — S n n, which is successor-closed in S. Hence and are 
sub-representations of and , respectively. Let g : M„ — A^ be a morphism. 
Consider the restriction g^ : . Since is injective, we have a morphism 

h : such that — g^- For any x G Qo, set f{x) = g{x) if a; G Q] 

f{x) — h{x) ii X £ S] and f{x) = if a; ^ Q' . Since every arrow in Q' lies in E 
or Q, we verify easily that / = {f{x) \ x G Qo} is a morphism from M to N in 
Rep((5) such that /„ = g. That is, </> is surjective. 

Specializing to the case where A^ = M, we get End(A/) ^ End(AffJ. Since 
Rep(Q) is abelian, an object is indecomposable if and only if its endomorphism 
algebra has only trivial idempotents. As a consequence, M is indecomposable if 
and only if is indecomposable. This establishes Statement (2). 

Let / : M — >■ A^ be a morphism in Rep((5). If / is a section, then it is evident 
that /„ is a section. Assume that is a section. Let g : ^ M„ be a morphism 
such that g/,^ = Ia/ • Since (j> is surjective, there exists a morphism h : N ^ M 
such that h^^ = g. This yields {hf)^^ = {1m) n, and thus hf = 1m- The first part 
of Statement (3) is established, and the second part follows in the same way. As a 
consequence, / is an isomorphism if and only if f^ is an isomorphism. This proves 
Statement (1). The proof of the theorem is completed. 

The rest of this section is devoted to study the finitely presented or co-presented 
representations. Let rep"'"((5) stand for the category of finitely presented represen- 
tations of Q and rep"((5) for that of finitely co-presented ones. 

1.14. Lemma. Let L,M be representations in vep^Q). 

(1) If M £ rep+((3), then Extj.(,p(Q-)(Af, L) is finite dimensional for i > 0. 
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(2) If M G rep {Q), then ExtJ(,p(Q-) (i, Af ) is finite dimensional for i>0. 

Proof. We shall prove only Statement (2). Let M be an object in rep~(Q) with 
a minimal injective co- resolution — M — / — ^ J — , where I, J £ inj((5). 
Applying Hom].op(Q) (i, — ) yields an exact sequence 

^ Hom(L, M) ^ Hom(L, /) ^ Hom(L, J) ^ Ext^(L, M) ^ . 

Since L £ rep((3), by Proposition Homi.cp(Q) (i, /) and llom,-cp[Q){L, J) are 
finite dimensional. The proof of the lemma is completed. 

One says that an additive /c-category is Horn-finite if the Horn-spaces are of finite 
/c-dimension and that an abelian fc-category is Ext-finite if the Ext-spaces are of 
finite /c-dimension. Note that a Hom-finite additive /c-category is Krull-Schmidt 
if its idempotents split. In particular, a Hom-finite abelian /c-category is Krull- 
Schmidt. The following result is an immediate consequence of Propositions II. 8[ 
imiandlLTl 

1.15. Proposition. The k- categories vep^[Q) andTep~{Q) are Ext-finite, heredi- 
tary, and abelian. Moreover, they are extension- closed in rep(Q) and their inter- 
section is iep^{Q). 

Remark. If Q has no left infinite path or no right infinite path, then we have 
rep^((5) — Tep''{Q) or rep+((5) = rep^(Q), respectively. As a consequence, if Q has 
no infinite path, then rep+(Q) = rep''(Q) — rep~((3). 

We shall describe the projective objects and the finite dimensional injective ob- 
jects in rep"'"(Q). For this purpose, denote by the fuU subquiver of Q generated 
by the vertices which are not ending point of any left infinite path. 

1.16. Proposition. Let M he an indecomposable representation in rep^((5)- 

(1) M is a projective in rep+((3) if and only if M = for some x G Qo- 

(2) AI is finite dimensional and injective in Tep'^{Q) if and only if M ^ for 
some X G . 

(3) If M = Sx with X G Qq, then it has an injective hull in rep+(Q) if and only if 
X G Q+. 

Proof. (1) By definition, M has a projective cover f : P M, where P is an object 
in proj((5). If M is projective in rep"'"((5), then / is an isomorphism. Since AI is 
indecomposable, we have P ^ P^ for some x G Qo- 

(2) Let X G Q'^ . Since Q is locally finite, x admits only finitely many predecessors 
in Q, and hence I^ is finite dimensional. Since I^ is injective in rep((5), it is 
injective in rep+((5). Suppose conversely that M is a finite dimensional injective 
object in rep+(Q). Then socM = (B^^i {Sx^ <8) Ui) with Xi G Qo and Ui some finite 
dimensional non-zero fc-spaces. We have an essential monomorphism / : M — )> / in 
rep((5), where / = ©^^^ {Ixi €3 t^O- particular, suppM C supp/. Fix a vertex 
y in supp/. Let E be the convex subquiver of supp/ generated by suppM and y. 
Since suppM is finite, so is S. By restriction, we get an essential monomorphism 

: A/ — /^ in rep(Z'). Observing that AI is injective in rep(i7), we see that is 
an isomorphism. In particular, AI{y) = I^{y) — I{y) ^ 0. Thus suppA/ — supp/. 
Therefore, / is an essential monomorphism in rep+(Q). Since AI is injective in 
rep"'"((5)j / is an isomorphism, and consequently, r = 1 and xi G . 
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(3) If x G Q^, then Ix is the mjective huh of Sx in rep+((5). Conversely, suppose 
that Sx has an injective hull / in rep+(Q). Since Sx is essential in J, every vertex 
in supp/ is a predecessor of x in Q. Thus supp/ is both top-finite and socle-finite. 
As a consequence, / is finite dimensional. We now deduce from Statement (2) that 
I ^ Ix, and hence x G . The proof of the proposition is completed. 

Example. Let Q be the following infinite quiver 

Since rep+ [Q] is KruU-Schmidt, using the description of the indecomposable rep- 
resentations in rep^(Q) given in (j5.9p . one can verify that Pi is an injective object 
in rep"'"((3). It is clear that Pi ^ inj((3). 

To conclude this section, we construct a duality between proj(Q) and inj((3). 
The proofs will be left out since this is similar to the construction in the finite 
case. Consider the opposite quiver (5°p of Q which is defined in such a way that 
every vertex x in Q corresponds to a vertex x° in Q°'^ and every arrow a : x ^ y 
corresponds to an arrow a° : y° ^ x° in Q°'^ . If p = a„ • ■ • ai is a path in Q 
from X to y, then we write p° — a\ ■ ■ ■ a'^, the corresponding path in from y° 
to x° . For any given object M G rep((3), we define DM G rep((5°P) by setting 
{DM){x°) = llomk{M(x), k) for each vertex x° and {DM){a°) to be the transpose 
of M(a), for each arrow a°. For a morphism f : M ^ N in rep{Q), we define a 
morphism Df : DN — ^ DM in rep((5°P) by setting {Df){x°), for each vertex x° in 
(5°P, to be the transpose of f{x). 

1.17. Lemma. The functor D : rep{Q) —5- rep((5°P) is a duality such that DIx = Px« 
and DPx = Ix° , for all x G Qo ■ 

For the rest of the paper, put A = kQ, the path algebra of Q over k. Note 
that A has a complete set of primitive orthogonal idempotents {ex \ x G Qo}- A 
left ^-module M is called unitary if M = (Bx&Qo SxM. Let ModA be the category 
of left unitary >l-modules. It is well known that there exists an equivalence from 
Rep(Q) to ModA, sending a representation M to the module ©^eQo M{x). For 
convenience, we shall make the identification M = ®x^Qo^{^)- In this way, 
Px = Aex as a module, while A = ®x^QqPx as a representation. Note that there 
exists a contravariant functor Hom^(— ,j4) from the category of all left A- modules 
to that of all right A-modules which, however, does not necessarily send a unitary 
module to a unitary one. 

1.18. Lemma. The functor Hom^(— , A) : proj((3) —> Wo']{Q°^) is a duality such 
that YioviiA{Px, A) = Px° for all x G Qo- 

Composing the dualities in Lemmas 11.171 and II. 181 we get the following result. 

1.19. Proposition. The functor v — _DHom^(— , A) : proj((5) — >■ in]{Q), called the 
Nakayama functor, is an equivalence such that ^{Px) — Ix for all x G Qq, whose 
quasi-inverse is = Hom^iop (£)— , A°p). 

2. Almost split sequences 

For the rest of this paper, Q stands for a strongly locally finite quiver and k 
for a field. Recall that rep((5) denotes the category of locally finite dimensional 
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/c-representations of Q, while rep+((3) and rep^(Q) denote its full subcategories 
generated by the finitely presented representations and by the finitely co-presented 
representations, respectively. The main objective of this section is to study the 
Auslander-Reiten theory in rep(Q). Our major task is to construct an almost split 
sequence which ends with any given indecomposable non-projective representation 
in rep^((5), and one which starts with any given indecomposable non-injective 
representation in Tep~ (Q). This is a more specific version of a result by Auslander; 
see [U Theorem 6]. We shall also study some properties of the Auslander-Reiten 
translates, and show how to relate the Auslander-Reiten theory over Q to that over 
its subquivers. 

We need to recall some basic notions. Let A be an additive category. Recall that 
an object in A is strongly indecomposable if it has a local endomorphism algebra. 
Let now f : X ^ Y a morphism in A. One says that / is irreducible if / is neither a 
section nor a retraction while every factorization / — gh implies that /i is a section 
or (7 is a retraction. Moreover, / is called right minimal if any morphism h : X ^ X 
such that / = fh is an automorphism; right almost split if / is not a retraction and 
every non-retraction morphism g : Z ~> Y factors through /; and minimal right 
almost split if / is right minimal and right almost split. In a dual manner, one 
defines / to be left minimal, left almost split, and minimal left almost split; see jB]. 
Note that a minimal left or right almost split morphism is irreducible if and only 

if it is non-zero. Furthermore, a sequence of morphisms X Y — ^ Z in A with 
y 7^ is called almost split if / is minimal left almost split and a pseudo-kernel 
of g, while g is minimal right almost split and a pseudo-cokernel of /. Such an 
almost split sequence is unique for X and for Z if it exists, moreover, this definition 
coincides with the classical one in case A is abelian; see ^Jl (1.4), (1.5)]. We shall 
say that A is right Auslander-Reiten if every indecomposable object in A is the 
co-domain of a minimal right almost split monomorphism or the ending term of 
an almost split sequence; left Auslander-Reiten if every indecomposable object in 
A is the domain of a minimal left almost split epimorphism or the starting term 
of an almost split sequence; and Auslander-Reiten if it is left and right Auslander- 
Reiten; compare [271 (2.6)]. The following result is probably well known; compare 

m (1-3.2)]. 

2.1. Lemma. Let be an abelian category with a short exact sequence 

q p 

O^X^Y^Z^O. 

(1) The morphism q is a minimal right almost split monomorphism in 'if if and 
only if Z is simple and p is its projective cover. 

(2) The morphism p is a minimal left almost split epimorphism in if and only if 
X is simple and q is its injective hull. 

Proof. We shall prove only Statement (1). Suppose first that Z is simple and 
p : Y Z is its projective cover. Since q is the kernel of p, it is right minimal. 
Let / : M — > y be a non-retraction morphism. Since Y is projective, / is not an 
epimorphism, and since p is superfluous, neither is pu. Since Z is simple, pf — 0, 
and hence / factors through q. That is, q is minimal right almost. 

Conversely, suppose that q is minimal right almost split. If Y is not projective, 
then ^ has a non-retraction epimorphism f : M ^ Y . Since / factors through 
q, we see that q is an epimorphism and hence an isomorphism, a contradiction. 
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Thus Y is projective. If 5 : i — > y is not an epimorphism, then g factors through 
q. In particular, pg — 0, which is not an epimorphism. This shows that p is a 
superfluous epimorphism and hence a projective cover of Z. Finally, consider an 
arbitrary morphism u : M — > Z in Being abelian, admits a puUback diagram 

^X-^ M ^ 

II I" I" 
^X—^ Y—!-^ Z ^ 0. 

If V is an epimorphism, then so is u. Otherwise, v = qh for some h : N ^ X, and 
consequently, up' = pv = 0. Since p' is an epimorphism, we get u = 0. This shows 
that Z is simple. The proof of the lemma is completed. 

Remark. (1) In the situation as in Lemma [2TT 1). X is the greatest sub-object of 
Y. One writes X = radF and calls Z the top of Y. 

(2) In the situation as in Lemma [1312), X is the smallest sub-object of Y, which 
is called the socle of Y and written as soc Y. 

The following statment is an immediate consequence of the preceding lemma. 

2.2. Corollary. If^ is an abelian category, then 

(1) is right Auslander-Reiten if and only if every indecomposable non-projective 
object is the ending term of an almost split sequence and every indecomposable 
projective object has a simple top. 

(2) is left Auslander-Reiten if and only if every indecomposable non-injective 
object is the starting term of an almost split sequence and every indecomposable 
injective object has a simple socle. 

We now begin to study the Auslander-Reiten theory in rep((5). Note that, al- 
though rep((5) is not Hom-finite in general, its indecomposable objects are strongly 
indecomposable; see TT] (3.6)]. The following result, which is an immediate conse- 
quence of Lemma 12. 1[ will be used frequently. 

2.3. Lemma. If x £ Qq, then the inclusion q^ : radPa; is a minimal right 
almost split monomorphism, and the projection Px ■ Ix ^ Ix/ soclx is a minimal 
left almost split epimorphism in rep((5). 

The following construction is analogous to the classical one for modules over an 
artin algebra; see, for example, [7]. 

2.4. Definition. Let M be a representation in rep(Q). 

/ 

(1) If M has a minimal projective resolution — Pi — Po — ^ M — ^ with 
Pi,Poe proj(Q), then DTrM denotes the kernel of u{f) : v{Pi) v{Po) . 

(2) If M has a minimal injective co-resolution — ^ M — ^ /o h — ^ with 
/o,/i G inj((5), then TrDAf denotes the co-kernel of z^^(g) -.v^IIq) — ^j^^(/i). 

Remark. (1) DTrM is defined only up to isomorphism and only for M G rep+((5), 
in such a way that DTrM = if and only if M G proj((5). 

(2) TrDM is defined only up to isomorphism and only for M G rep~(Q), in such a 
way that TrDM = if and only if M G inj (Q). 
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The following lemma and its dual play an an important role in the construction 
of almost split sequences. 

2.5. Lemma. Let M he an indecomposable object in vep^{Q) with a minimal pro- 
jective resolution 

— ^ Pi — ^ Po — ^ M — ^ 0. 

If M is not projective, then DTrAf = _DExt^(Af, A), which is an indecomposable 
non-injective object in i&p~{Q) with a minimal injective co-resolution 

^ DTrA/ ^ v{Pi) v{Pq) 0. 

Proof. Suppose that M is not projective. Since Rep((3) is hereditary, we have 
Hom^(Af, j4) = 0. Applying Homyi(— ,A) to the minimal projective resolution 

stated in the lemma, we get a short exact sequence of right ^-modules as follows: 

^ HomA(Po, A) HomA(Pi, A) ^ Ext^(Af, A) 0, 

where Ext^(Af, A) is unitary since Hom^(Po,A) and Homyi(Pi,A) are unitary. 
Applying the duality D : rep((5°P) rep(Q) stated in Lemma fl. 171 we obtain a 
short exact sequence 

r?: ^i?Ext^(Af,A) ^ v{Pi) ^ u{Po) ^0 

in rep((5). By definition, DTrA/ = £'Ext^(A/, A) G rep^((5). Furthermore, since 
C radPg, we see that Im(/*) is contained in the radical of Hom^(Pi, A), and 
hence the kernel of v{f) contains the socle of v{Pi)- That is, 77 is a minimal injective 
co-resolution of DTrA/. In particular, DTrA/ is not injective. Finally, since v is an 
equivalence and M is indecomposable, DTrA/ is indecomposable. The proof of the 
lemma is completed. 

As a consequence of Lemma 12.51 and its dual, we have the following result. 

2.6. Corollary. If M,N are indecomposable objects in rep((5), then N = DTrA/ 
if and only if M = TrD A^. 

The following consequence of Lemma l2.5l will be needed later; compare (4.2)]. 

2.7. Corollary. Let M,N be indecomposable non-projective objects in rep+((5). 
//rep"'"((5) has a monomorphism f : M N, then rep^ (Q) has a monomorphism 
g : UYvM -)> DTriV. 

Proof. Since rep(Q) is hereditary, £)Ext^(— , A) : rep+((5) rep~((5) is a left exact 
functor. If / : A/ — !■ A^ is a monomorphism in rep+((3), then 

g = DYjy±\{f,A) : DYxi\{M,A) -> P>Ext^(Ar, A) 
is a monomorphism in rep~((5). By Lemma l2.5[ g is a monomorphism from DTrA/ 
to DTrA^. The proof of the corollary is completed. 

We are ready to have the existence theorem for almost split sequences. 

2.8. Theorem. Let Q be a strongly locally finite quiver, and let M be an indecom- 
posable representation in rep(Q). 

(1) // A/ G rcp+((5) is not projective, then rep((5) has an almost split sequence 
— ^ DTrA/ —^N^M^O, where DTrA/ G rep" (Q). 
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(2) // M G rep (Q) is not injective, then rep(Q) has an almost split sequence 
0^ N ^ TrDM ^ 0, where TrDM e rep+(Q). 

Proof. We only prove Statement (1). Assume that AI is finitely presented and not 
projective. By Lemma 12. 5[ DTr Af is finitely co-presented, indecomposable, and 
not injective. Let L e rep((5). By Lemma [TTl Ext\{M,L) and Hom^C^, DTrM) 
are of finite fc-dimension. We claim, for P G proj((5), that there exists a fc-linear 
isomorphism, which is natural in P and L, as follows : 

tp^ ,. : HomA(P,L) ^ DRoiRA{L,iyP). 

Indeed, we may assume with no loss of generality that P — P^ for some x £ Qq. 
By Proposition 1 1.3[ we have the following fc-isomorphisms: 

HomA(P.,i) = L{x) ^ DRomk{L{x),k) ^ DllomA{L,I,), 

each of which is natural in P^ and L. This establishes our claim. 

Let — ^ Pi — ^ Pq — *- M — *- be a minimal projective resolution of M, where 
Po,Pi G proj(Q). By Lemma 12.51 DTrAf has a minimal injective co-resolution 
O^UTrM ^iy{Pi) ^i^iPo) ^0, where iy{Pi),v{Pa) e inj(Q). Applying 
Homy!i(— , L) and DHom/i(i, — ), we get a commutative diagram with exact rows: 

UomA (Po-.L) Hom^ (Pi , i) ^ Ext^!;! ( Af, i) ^ 



DRomAiL, vPo) DRou\a{L, vPi) DRouya{L, DTrA/) ^ 0, 

where ^ and tj}p_^ ^ are natural isomorphisms. Thus there exists an isomorphism 

(j)^ : Ext\{M,L) i:)HomA(i,DTrA//), which is natural in L. Since End(DTrAi^) 
is finite dimensional, there exists a non-zero fc-linear map : End(DTrAf) — >■ fc, 
which vanishes on rad(End(DTr Af)). Consider the corresponding non-zero element 

^ = '^DT.M W ■ *- DTrAf — ^ TV M *- 

in Ext^(A/, DTrAf). Let u : DTrAf — > L be a non-section morphism rep(Q). For 
any v : L ^ DTrAf, since vu G rad(End(DTr Af )), we have 9{vu) = 0. This shows 
that f?Hom(u, DTrAf )(^?) = 0. In view of the commutative diagram 

Ext^ (Af , DTrAf) ^ Ext^ (Af , L) 



_DHom(«, DTrAf) 

DEnd(UTrM) ^ ^ L>Hom(L, DTrAf), 

we get Ext^(Af , u)(77) = 0, that is, u factors through /. Thus rj is an almost split 
sequence in rep((5); see |6] (2.14)]. The proof of the theorem is completed. 

Remark. It is shown in ^33] that every almost split sequence in iep{Q) is of the 
form stated in Theorem [ 



The following result is a consequence of Theorem 12.81 and Proposition [TTT51 

2.9. Corollary. Let Af be an indecomposable representation in rep^(Q). 
(1) If Af is not projective, then rep((5) has an almost split sequence ending with 
M , which is also an almost split sequence in rep~((3). 
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(2) // M is not injective, then rep((3) has an almost split sequence starting with 
M , which is also an almost split sequence in rep^iCj). 

Next, we shall study the Auslander-Reiten translates. To this end, the following 
easy result is useful. 

2.10. Lemma. Let M he an indecomposable representation in rep+((5) with a min- 
imal projective resolution 

^ ®UiPv^ ^ ®UiPx. M ^ 0. 

If X & Qo is not in suppM, then x — yj for some 1 < j < s if and only if x is an 
immediate successor of some vertex in suppAf. 

Proof. Let N denote the kernel of /. Then j/i, . . . , are the vertices in the top- 
support of N . Fix a vertex x not lying in suppM. Suppose first that Q has an 
arrow a : y x with y G suppM. Since / is surjective, there exists a path p in Q 
from some Xi to y such that f{p) ^ 0. Since x ^ suppAf , we have f{ap) = 0. Thus 
ap lies in TV but not in its radical, and hence, x lies in the top-support of N. 

Suppose conversely that x lies in the top-support of N . Then there exists some 
p = Xipi + • • • + Atpt, where Ai . . . , At £ fc, and pi, ■ . ■ ,pt are paths in Q from some 
of xi, . . . ,Xr to X, which lies in N but not in its radical. Since x suppAf, we 
may write pi — aiqi, where ai is an arrow ending in x and qi is a path in Q, for 
i — 1, . . . ,t. Since p ^ radiV, there exists some I < io < t such that f{qi„) ^ 0. In 
particular, e{qig) G suppA/. The proof of the lemma is completed. 

The following result is an immediate consequence of Lemmas 12.51 and 12.101 

2.11. Corollary. Let M be an indecomposable representation in rep^((3). If x is 
a vertex in Q not lying in suppA/, then x lies in the socle-support of DTr Af if and 
only if X is an immediate successor of some vertex in supp Af. 

Let M be an indecomposable representation in rep((5). By convention, we write 
DTr°Af = Af = TrDOAf. If Af e rcp+(Q), then DTrAf e rep-(Q); and if, moreover, 
DTrAf e rep+((3), then DTr^Af is defined and lies in rep^(Q). In general, if n > 
is such that DTr"~^Af is defined and lies in rep+((5), then DTr "Af is defined and 
lies in iep^{Q). If DTr"Af is defined and non-zero for some ti > 0, then it follows 
from Proposition ! 1 .151 and Lemma [2751 that DTr'Af is indecomposable ioi < i < n, 
and finite dimensional for < i < n. We shall say that Af is DTr -stable if DTr"Af 
is defined and non-zero for all n > 0, or equivalently, DTr"Af is indecomposable of 
finite dimension for all n > 0. 

2.12. Lemma. Let Af G rep"'"((5) be indecomposable, and let w be an infinite acyclic 
walk in Q which starts with an arrow and intersects suppAf only at s(w). Then Af 
is JJTt -stable or DTr"Af is infinite dimensional for some n > 0. Furthermore, 

(1) if all but finitely many edges in w are inverses of arrows, then DTr"Af is infinite 
dimensional for some n > 0; 

(2) if DTr™Af with to > is defined, then its support contains some vertex lying 
in w but different from s(w). 

Proof. Write w = ■ ■ ■ Wn ■ ■ ■ W2W1, where the Wi are edges. Put a; = s{wi) for 
i > 1. Set sq — I. Then Wsq is an arrow and sq is maximal such that a^o G suppAf. 
Let r > be an integer such that DTr'^Af G rep"'"((5) and there exist integers 
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So < ■ ■ ■ < Sr satisfying the following property: Ws^ is an arrow and Si is maximal 
for which as- is in the support of DTr'Af, for i — 0, . . . , r. Since Ws^ is an arrow 
fls^. — )■ a^^+i and a^^+i is not in the support of DTr^'A/, by Corollary I2.11[ as,.+i 
is in the support of UTr'^+^M. If IJIt''+^M ^ rep+(Q), then UIt'^+^M is infinite 
dimensional and DTr'M is not defined for every i > r+l. In this case, the lemma is 
proved and we stop the process. Otherwise, DTr^'^^M is non-zero of finite dimension 
by Proposition 1 1 . 15l Therefore, there exists a maximal integer s^+i > Sr such that 
asj,^j is in the support of DTr''+^A/. Suppose that Ws^_^-^ is the inverse of an arrow 
as,.+i ^ Os^+i+i- Since as,,^j+i is not in the support of DTr^'+^M, applying the 
dual of Corollarv l2.11l to DTr''+^M, we see that Os^^^+i is in the support of DTr'M, 
contrary to the maximality of s^. Therefore, Ws,,^i is an arrow Os^^j^ as,.+i+i- If 
this process never stops, then we get an infinite increasing sequence of integers 

So < si < ■ ■ ■ < Si < ■ ■ ■ 

satisfying the above-stated property. In particular, M is DTr-stable, and a^^ lies 
in the support of DTr*Af for all z > 0. Moreover, since the Ws^ are arrows, the 
hypothesis stated in Statement (1) does not occur. The proof of the lemma is 
completed. 

Remark. If Q has no left infinite path, then iep^{Q) — rep''((5). In this case, 
Lemma 12.121 provides a simple combinatorial condition for an indecomposable rep- 
resentation to be DTr-stable. 

Dually, if M e rep~((5) is indecomposable, then TrDAf G rep+((5). If n > 
is such that TrD"~-'^M is defined and lies in rep~((5), then TrD^M is defined and 
lies in rep"'"((5). If TrD^Af is defined and non-zero for some n > 0, then it follows 
from Proposition II . 1 51 and the dual of Lemma [2.51 that TrD*Af is indecomposable 
for < i < n, and finite dimensional for < z < n. We shall say that M is 
TrT) -stable if TrD"A/ is defined and non-zero for all n > 0, or equivalently, TiD'^M 
is indecomposable of finite dimension for all n > 0. The following result is a dual 
statement of Lemma 12.121 

2.13. Lemma. Let M G rep^((5) be indecomposable, and let w be an infinite acyclic 
walk in Q which ends with an arrow and intersects suppAf only at e{w). Then M 
is TrD-stable or TrD"A/ is infinite dimensional for some n>0. Moreover, 

(1) if all but finitely many edges in w are inverses of arrows, then TrD"A/ is infinite 
dimensional for some n > 0; 

(2) if TrD'^Af with m > is defined, then its support contains some vertex lying 
in w but different from e{w). 

The preceding results yield some very useful consequences. 

2.14. Proposition. Suppose that Q is infinite and connected. 

(1) For any x,y €z Qo, there exists no integer m > such that DTr™/j, ^ Px- 

(2) // A/, N G rep(Q) are indecomposable such that M ^ DTr"7V for some n > 0, 
then suppAf = suppA^ if and only if n — 0. 

Proof. (1) Let x,y ^ Qo be such that P^ = DTr™/j, for some m > 0. If m = 0, 
then it is easy to see that Q consists of a single path from a; to y, a contradiction. 
Thus m > 0. Since Px G iep'^{Q), by Proposition [OSl DTr'/y is finite dimensional, 
for i = 1, . . . , m. On the other hand, since ly — TrD™Pa; by Corollary 12.61 ly is 
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finite dimensional by Proposition 1 1.1 51 Since DTr™+^/y — 0, we see that ly is not 
DTr-stable and DTr'/j^ is finite dimensional for all i > 0. Since Q is connected and 
infinite, applying Konig's lemma to the complement of supp/j^, we get a right infinite 
acyclic walk w which intersects supp/j^ only at s{w). Since supp/y is successor- 
closed, w starts with an arrow. By Lemma 12.121 ly is DTr-stable or DTr^Iy is 
infinite dimensional for some r > 0, a contradiction. 

(2) Let M,N & rep((3) be indecomposable such that M = DTr'W with n > 0. 
By CorollaryllJl N = TrD"M. Suppose that n > and that suppM = suppA^ = S. 
Then N e rep+((5) and M e rep~(Q). Moreover, by Lemma [1.61 S is top-finite 
and socle-finite, and hence finite. Applying Konig's lemma to the complement of 
S, we get a left infinite acyclic walk w which intersects S only at e{w). If w ends 
with an arrow, then we may apply Lemma I2.13f 2) to M to see that suppA'^, that 
is S, contains some vertex lying in w but different from e{w), a contradiction. If 
w ends with the inverse of an arrow, then 'w~^ is an infinite acyclic walk which 
starts with an arrow and intersects suppiV only at s(i/;~^). It follows from Lemma 
I2.12r 2) that suppM, that is S, contains some vertex lying in but different 
from s{'w~^), a contradiction again. The proof of the proposition is completed. 

Remark. Proposition 12. 14^ 1) is well known in the finite non-Dynkin case. If Q is 
infinite without left infinite paths, Reiten and Van der Bergh proved this by using 
a highly indirect argument to treat the infinite Dynkin case; see 34_ . 

Let S he a subquiver of Q. If M is a representation of Q supported by S, for 
the sake of convenience, we shall regard M as a representation of S whenever no 
risk of confusion is possible. In particular, if A'^ is a representation of Q, then its 
restriction will be regarded as a representation of S. On the other hand, every 
representation M of S can be extended trivially to a representation of Q which, 
by abuse of notation, is denoted again by M . In this way, we shall identify rep(Z') 
with the full subcategory of rep((5) generated by the representations supported by 
S. One of our techniques in our later investigation is to relate the almost split 
sequences and the irreducible morphisms in rep((5) to those in rep(i7). 

2.15. Lemma. Let S be a convex subquiver of Q, and let M be an object in rep^((5). 

(1) If S is predecessor- closed in Q, then £ rep^^E). 

(2) If S contains the trivial and the immediate successors of the vertices in suppM, 
then M G rep+(i7). 

Proof. For a; G Qo, let P'^ denote the restriction of Px to E. Since E is convex, 
iov X € S, \t is easy to see that P'^ is isomorphic to the indecomposable projective 
representation in rep(i7) at x. Now, M has a minimal projective resolution 

T]-. — ^®UiPy^ ^®'i=iPx. ^0. 

Restricting 77 to i7, we get a short exact sequence in rep(i7) as follows : 

Suppose that Q is predecessor-closed in Q. Then P^ = 0, for x ^ S. This 
implies that P^ G proj(X'), for all a; G Qo- In particular, 77^ is a minimal projective 
resolution of in rep (r). That is, 714 G rep+{E). 

Suppose next that S contains the trivial and the immediate successors of the 
vertices in suppM. Then AI^ — M, and by CoroUarv 12.111 the Xi and the yj all 
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lie in S. Hence, the P'^. and the Py. aU he in proj(Z'). As a consequence, rj^ is a 
minimal projective resolution of M in rep(i7). That is, M e rep+(Z'). The proof 
of the lemma is completed. 

2.16. Proposition. Let S be a convex suhquiver of Q, and let N be an indecom- 
posable object in rep"'"(Q) such that the predecessors of the trivial and the immediate 
successors of the vertices in supp are all contained in S . 

(1) The almost split sequence in rep(i7) ending with N is almost split in rep((3). 

(2) Every irreducible morphism in rep(i7) ending in N is irreducible in rep((5). 

Proof. First of all, TV can be considered to be a representation of which is finitely 
presented by Lemma r2.15f 2V Moreover, since E contains the immediate successors 
of the vertices in suppA^, we see that A^ is projective in rep (17) if and only if it is 
projective in rep(Q)- 

(1) Let rj : — ^ L — m — ^ A^ — be an almost split sequence in rep(i7). 
In particular, A^ is not projective in rep(Z'), and hence not projective in rep((3). 
Then, rep(Q) has an almost split sequence C, : — ^ DTr A^ — ^ E — ^ A — ^ • By 
Corollary 12. Ill the vertices in the socle-support of DTrA^ are trivial or immediate 
successors of the vertices in supp A^ . Since the socle of DTr A^ is essential, the vertices 
in the support of DTr A^ are all predecessors of the vertices in the socle-support of 
DTrA^, which lie in S by the hypothesis stated in the proposition. Therefore, C hes 
entirely in rep(i7). Then C, is an almost split sequence in rep(Z'), and hence, it is 
isomorphic to rj. In other words, 77 is almost split in rep(Q). 

(2) Let / : M — A^ be an irreducible morphism in rep(i7). Since A^ € rep+(i7), 
by Lemma 12.31 and Theorem 12. 8f l). rep(i7) has a minimal right almost split mor- 
phism g : L N . Then f — gs for some section s : M ~¥ L. If A^ is not projective 
in rep(i7), then g is minimal right almost split in iej>(Q) by Statement (1). Oth- 
erwise, N = P,j. for some x G Sq, and g is the inclusion map radP^; ~^ P-x- In any 
case, / is irreducible in rep((5). The proof of the proposition is completed. 

Conversely, we have the following result. 

2.17. Proposition. Let S be a convex subquiver of Q, and let N be an indecom- 
posable object in rep^((5) such that the trivial and the immediate successors of the 
vertices in supp A^ are all contained in S. 

(1) // — ^ L — ^ M — ^ A^ — >■ is an almost split sequence in rep(Q), then its 
restriction — ^ — ^ — ^ N — is an almost split sequence in rep(£'). 

(2) If f : M ^ N is an irreducible morphism in rep((3), then : N is an 
irreducible morphism in rep(i7). 

Proof. (1) Let ^ : — L — *- M — ^ A — *- be an almost split sequence in 
rep(Q). Restricting ^ to S, we get a short exact sequence in rep(i7) as follows : 

If g^ is a retraction, then rep(i7) has a morphism h' : N ^ such that 
gj,h' = In. Since S contains the immediate successors of the vertices in suppA^, 
we can extend h' to a morphism h : N ^ M in rep((5) such that gh = In, a 
contradiction. If m : X — ^ A is a non-retraction morphism in rep(i7), then it is not 
a retraction in rep((5). Thus u — gv, for some morphism v : X AI m rep{Q). 
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Restricting the equation to S yields u = g^v^. This shows that is right almost 
split in rep(i7). 

For X & Qo, let and denote the restrictions of Px and Ix to S, respectively. 
li X G S then, since S is convex, and I'^ are isomorphic to the indecomposable 
projective and injective representations in rep(i7) at x, respectively. Now, N has a 
minimal projective resolution 

r,: ©j=i^a. ©Li^.. ^0 

in rep(Q). By Corollarv l2.111 the Xi and the yj all lie in S. Thus, restricting rj to 
S, we get a minimal projective resolution 

of N in rep(Z'). On the other hand, by Lemma [2.5[ L has a minimal injective 
co-resolution 

C : L ®]=,Iy, ^ ©LiL. ^ 

in rep((5). Restricting (" to i7, we obtain a minimal injective co-resolution 

i^(w)„ 

C, : L, ^ 1 ®UJ'x^ ^ 

of in rep(i7). Moreover, it follows from the definition that v{w)^ = v^{w^)^ 
where is the Nakayama functor for rep (17). This implies that = DTr^M. By 
Lemma [231 is indecomposable and hence strongly indecomposable. Thus, is 
an almost split sequence in rep(i7); see O (2.14)]. 

(2) Assume that / : M — )• TV is an irreducible morphism in rep(Q). By Lemma 
I2.3l and Theorem l2.81 rep((5) has a minimal right almost split morphism g : L N. 
Then / — gs, where s : M — >■ L is a section. Hence, = g^s^, where is clearly 
a section. If N is not projective, then g^ is minimal right almost split in rep(i7) 
by Statement (1). Otherwise, N = and L = radP^, for some x G Qo- By the 
hypothesis, both L and are supported by S. So = g, which is minimal right 
almost split in rep(£'). In any case, is irreducible in rep(i7). The proof of the 
proposition is completed. 

3. Auslander-Reiten categories 

In the following four sections, we shall be mainly concerned with the study of 
Auslander-Reiten theory in rep+((3). It is left to the reader to formulate the dual 
results for icp^{Q). In case Q has no left infinite path, Reiten and Van den Bergh 
proved that rep+((5) is right Auslander-Reiten; see [34]. The main objective of this 
section is to find the necessary and sufficient conditions for rep+((5) to be left or 
right Auslander-Reiten. 

We begin with studying some properties of irreducible morphisms in rep+((5). 

3.1. Lemma. If f : M ^ N is an irreducible epimorphism in rep+((3), then the 
kernel of f is finite dimensional. 

Proof. Let / : A/ — be an irreducible epimorphism in rep^((5). Since rep'^lQ) 
is KruU-Schmidt, we may assume that A^ is indecomposable; see [9j (3.1), (3.2)]. 
Since A^ is not projective, by Theorem 12.8( 1). there exists in rep((5) an almost 
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split sequence rj : — ^ L — ^ E N — ^ 0, where L e rep (Q). This yields a 
pushout diagram 

^ X M — ^ N *- 



^ I" 



^E^^N 0. 

Set S = suppM and i? — supp_E. Let be the full subquiver of i? generated 
by the vertices which are successors in Q of the vertices in E. Since S is top- 
finite by Lemma 11.61 and Q is interval-finite, has no left infinite path. Since 
suppiV C S n (2 C 0, restricting 77 to 6* yields a short exact sequence 

Vo ■■ ^ ^ N ^ 0. 

Suppose that suppL^, that is 0r\ suppL, contains infinitely many vertices Xi, i G N. 
Since suppL is socle-finite by Lemma ll.6[ we may assume that suppL contains a 
path Pi : Xi a, for each i e N, where a is some fixed vertex in suppL. Since 
suppL C J? and is successor-closed in H, the pi all lie in 0. Being locally 
finite, by Konig's lemma, has a left infinite path ending with a, a contradiction. 
Thus 6 rep''((5), and consequently, E^ £ rep+((5). Note that E^ is a sub- 
representation of E since is successor-closed in 17. Moreover, the support of 
Im(u) is contained in i7 n J? C 0. Thus u = qu', where u' : M ^ i?g is the 
co-restriction of u, and q : E^ E is the inclusion. This yields a factorisation 
/ — {91)^' ill r6p^(Q)- Thus gq is a retraction or u' is a section. Since g is not a 
retraction, the first case does not occur. In particular, u = qu' is a monomorphism, 
and so is v. Since suppL has no right infinite path by Lemma ll.6[ nor does suppX. 
On the other hand, X G rep'*"((5) since it is the kernel of /. By Corollary 11.71 
X £ rep''((3). The proof of the lemma is completed. 

3.2. Lemma. Let f : M N be an irreducible morphism in Tep^{Q). If M is infi- 
nite dimensional, then N is infinite dimensional while DTriV is finite dimensional. 

Proof. Suppose that M is infinite dimensional. If N is finite dimensional, then 
/ is an epimorphism. By Lemma 13.11 the kernel of / is finite dimensional, and 
consequently, M is finite dimensional. This contradiction shows that N is infinite 
dimensional. For proving the second part of the lemma, we may assume that N is 
indecomposable and not projective. Then rep((3) has an almost split sequence 

??: ^E^^N ^0, 

where L S rep~((5). Suppose that L is infinite dimensional. By Corollary ll.7[ 
suppL has a left infinite path. Since suppM has no left infinite path by Lemma 
I1.6r 2). there exists some a S Qo such that L{a) ^ but M(a) = 0. Let S be the 
successor-closed subquiver of Q generated by a and the vertices in the support of 
M (B N. Then E is top-finite. By Proposition 12 . 1 7f 1 ) . restricting r/ to S, we get 
an almost split sequence 

■■ ^ ^ E^ N 

in rep(i7). By the dual of Lemma 12.15^ 1). £ rep^(i7), and hence suppi^ is 
socle- finite by Lemma 11.61 On the other hand, since suppL^ is a subquiver of the 
top-finite quiver S, it is finite. As a consequence, rj^ lies in rep+(i7) and hence, it 
is an almost split sequence in rep+(i7). 
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Finally, by Lemma I2.15r 2'). / lies in rep+(i7), and hence it is an irreducible 
morphism in rep+(i7). Thus we have an irreducible morphism h : ^ M. Since 
is finite dimensional while M is infinite dimensional, h is a monomorphism. 
Since L^{a) — L{a) ^ 0, we have M{a) 7^ 0, a contradiction. The proof of the 
lemma is completed. 

3.3. Corollary. Let — *- L — *- M — ^ N — ^ he an almost split sequence in 
rep((5) with L e rep^((5) and N £ rep^(Q), and let X be an indecomposable direct 
summand of M . 

(1) // L is infinite dimensional, then X is finitely presented if and only if X is 
finite dimensional. 

(2) // N is infinite dimensional, then X is finitely co-presented if and only if X is 
finite dimensional. 

Proof. By assumption, there exists an irreducible morphism f : X N in Tep{Q). 
Suppose that X € rep"*'((3). Then / is irreducible in rep+((3). If X is infinite 
dimensional, then L is finite dimensional by Lemma 13.21 This proves Statement 
(1). Using the dual of Lemma [3.21 we may prove Statement (2). The proof of the 
corollary is completed. 

For a morphism in rep^(Q), we shall relate its irreducibility in rep+((5) to that 
in rep((3). 

3.4. Lemma. Let M be an indecomposable representation in rep'^lQ). 

(1) // M is finite dimensional, then rep^(Q) has a minimal left almost split mor- 
phism f : M ^ N, which is also minimal left almost split in Tep{Q). 

(2) // DTrM is finite dimensional, then rep+((5) has a minimal right almost split 
morphism g : L ^ M , which is also minimal right almost split in rep((5). 

Proof. (1) Suppose that M G rep''((3). If M is injective then M ^ for some 
X S Qo by Lemma [1. 16( 2). and in this case, the projection p : M M/ socM is 
minimal left almost split in rep^(Q) and in rep((5). Otherwise, by Corollarv l2.9r 2). 
rep((5) has a minimal left almost split morphism f : M ^ N which lies in rep+((5). 
Thus, / is a minimal left almost split morphism in rep+((5). 

(2) Suppose that DTrM e rep''(0). If DTrM = 0, then M ^ for some 
X G Qo, and in this case, the inclusion q : radAf — M is minimal right almost 
split in rep((5) and in rep"'"((5). Otherwise, by Corollarv I2.9f l). rep((5) has an 
minimal right almost split morphism g : L — > AI , which lies in rep^((5). Hence, g 
is a minimal right almost split morphism in iep^{Q). The proof of the lemma is 
completed. 

3.5. Corollary. Let f : M N be a morphism in rep+((5). If M,N are in- 
decomposable, then f is irreducible in rep+((5) if and only if it is irreducible in 
rep((5). 

Proof. Suppose that / is irreducible in rep"'"((3) with M, N indecomposable. Assume 
first that M £ rep^{Q). By Lemma r3.4r L). rep+((5) has a minimal left almost split 
morphism g : M L, which is minimal left almost split in rep((5). If / is irreducible 
in rep^((5), then f = ug for some retraction u : L ^ N, and hence, / is irreducible 
in rep(O); see [6l (2.4)]. 
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Assume now that M is infinite dimensional. By Lemma [3.21 DTriV G rcp''((5). 
By Lemma r3.4r 2). rep+(Q) has a minimal right almost split morphism h : L N, 
which is minimal right almost split in rep(Q). If / is irreducible in rep+((3), then 
f — hv for some section v : N ^ L, and consequently, / is irreducible in rep((5). 
The proof of the corollary is completed. 

The following result is essential in our investigation, since it allows us to apply 
some well-established results of the representation theory of finite quivers. 

3.6. Proposition. // O — ^ L — ^ M — ^ N — ^ is a short exact sequence in 
rep((3), then it is an almost split sequence in rep+((5) if and only if it is an almost 
split sequence in rep((5) with L G Tep^{Q). 

Proof. The sufficiency follows from Corollarv l2.9f 2) and the uniqueness of an almost 
split sequence. For the necessity, assume that rj : Q — L — ^ M — ^ N — ^ is 
an almost split sequence in rep+(Q). By Lemma [3.11 L G rep^{Q). Since L is not 
injective, by Corollarv l2.9r 2). iep{Q) has an almost split sequence ( starting with 
L, which is also an almost split sequence in rep+((5). Then ^ is isomorphic to rj. In 
other words, rj is an almost split sequence in rep((5). The proof of the proposition 
is completed. 

We are ready to give conditions for rep+((5) to be left or right Auslander-Reiten. 

3.7. Theorem. Suppose that Q is a strongly locally finite quiver. 

(1) rep^((5) is left Auslander-Reiten if and only if Q has no right infinite path. 

(2) rep"'"((5) is right Auslander-Reiten if and only if Q has no left infinite path, or 
else Q is a left infinite or double infinite path. 

Proof. (1) Suppose first that Q has a right infinite path p with an initial arrow 
X y. In particular, Py is infinite dimensional. By Proposition l3.61 rep+((5) admits 
no almost split sequence starting with Py. Suppose that rep+(Q) has a minimal 
left almost split epimorphism f : Py ^ L. By Lemma [2.ir 2). Py is injective in 
rep^((5). In particular, the inclusion q : Py ^ P^ is a, section, which is absurd. 
Thus rep+((5) is not left Auslander-Reiten. Conversely, assume that Q contains no 
right infinite path. Then rep+((5) = rep^((5). Let M be an indecomposable object 
in rep^(Q). If M is not injective then, by CoroUarv I2.9r 2). rep+((5) admits an 
almost split sequence starting with M. Otherwise, by Proposition 1 1 . 1 6^ 2) . M — 
for some x G . Thus M M / socM is a minimal left almost split epimorphism 
in rep'^((3). That is, rep+((5) is left Auslander-Reiten. 

(2) For proving the sufficiency, let N be an indecomposable object in rep+((3). 
If TV is projective, then the inclusion q : radA'^ — > A^ is a minimal right almost split 
monomorphism in rep^((5). Otherwise, rep((3) admits an almost split sequence 

V ■■ ^ L ^ M ^ N ^ , 

where L is an indecomposable non-injective object in rep^(Q). If Q contains no 
left infinite path, then rep~(Q) — rep''((5), and hence L is finite dimensional. If 
Q is a left infinite or double infinite path, then every indecomposable non-injective 
object in rep~(Q) is finite dimensional; see (|5.9|) (2) below, and hence L is finite 
dimensional. In any case, by Proposition 13. 6[ t] is an almost split sequence in 
rep+((5). This shows that rep+((5) is right Auslander-Reiten. 

Conversely, assume that rep"'"(Q) is right Auslander-Reiten. By Proposition 
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13.61 DTrX £ rep''(Q) for any indecomposable non-projective object X in rep+((5). 
Suppose that Q contains a left infinite path p. Choose arbitrarily a vertex a lying 
on p. Then Q contains a left infinite path 

• • • a,[ >■ fln— 1 • • • >- cti >- ctQ = a. 

We claim that a is the starting point of at most one arrow, while ai is the only 
arrow ending in a. Indeed, assume that a+ = {ai : a — > 6^ | i = 1, . . . , r} with 
r > 1. Then Sa is not projective with a minimal projective resolution 

^ ®Ll-Pfc. Pa ^ Sa ^ 0. 

By Lemma 12.51 DTrS'a has a minimal injective co- resolution 

^ DTrS'a ^ ©Li^fc. ^ la ^ 0. 

For each n > 0, since dim/;,. (a„) > dim/a(a„) > for all 1 < « < r, we get 

dim (DTr S'a)(a„) = I]-=idim/fc, (a„) - dim/a(a„) > I]i=2 dim/fc, (a„) > 0. 

Therefore, DTrS'a is infinite dimensional, a contradiction. Next, assume that there 
exists an arrow /3 : 6 — 5- a different from ai. Similarly, DTrS'b has a minimal injective 
co-resolution 

DTr5fc la® I h ^ , 

where / G inj((5). Note, for each n > 1, that there exists a fc-monomorphism 
ipn '■ hio-n) Ia{o.n) ■ T H> /3t. Siucc Qfi ^ /3, thc path ai- • - an lies in Ia{an) but 
not in the image of 0„. As a consequence, dim /a(a„) > dim/b(a„). Therefore, 

dim (DTrSfc)(a„) = dini/a(a„) + dini/(a„) — dim/b(a„) > 0, 

for all n > 1. In particular, DTrS'f, is infinite dimensional, a contradiction. Our 
claim is established, from which we infer that Q is a double infinite path if p is 
contained in a double infinite path, and otherwise, Q is a left infinite path. The 
proof of the theorem is completed. 

We conclude this section with an immediate consequence of Theorem 13.71 

3.8. Corollary. If Q is a strongly locally finite quiver, then rep~''(Q) is Auslan- 
der-Reiten if and only if either Q has no infinite path or Q is a left infinite path. 

4. Auslander-Reiten components 

The objective of this section is to describe the shapes of the Auslander-Reiten 
components of rep"'"((3), which has been shown to be a Hom-finite abelian k- 
category. In contrast to the finite case, we shall see that many new phenomena 
occur, such as the number of preinjective components varies from zero to the infin- 
ity, and there exist four types of regular components. 

First of all, we recall the notion of a section of a translation quiver since it is 
essential in the description of the shapes of Auslander-Reiten components. Let F 
be a connected valued or non-valued translation quiver with translation r; see, for 
example, [20l [36]. A connected convex subquiver Zi of F is called a section if it 
contains no oriented cycle and meets each r-orbit exactly once; see [28l (2.1)]. Now, 
we say that a section zi of 7^ is right-most or left-most if the vertices in F are all of 
the form t"x or all of the form t^"x with n £ N and x G Aq, respectively. 
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4.1. Lemma. Let {r,T) be a connected translation quiver with no oriented cycle, 
and let A be a full subquiver of F meeting any given T-orbit at most once. Then 

(1) // A is successor-closed in F and has the following property: for each arrow 
X — ^ r"y in F with n > 0, y Cz A implies x € A or t~x G F, then it is a 
right-most section of F. 

(2) // A is predecessor- closed in F and has the following property: for each arrow 
T^"'x y in F with n > 0, x e Z\ implies y ^ A or ry ^ F , then it is a 
left-most section of F . 

Proof. Wc shall prove only the first statement. Assume that A satisfies the con- 
dition stated in (1). Let 2J he a, connected component of A. Then S contains 
no oriented cycle and meets any r-orbit in F at most once. Moreover, since A is 
successor-closed in F, so is S. In particular, S is convex in F and the vertices in 
the r-orbit of some vertex z in E are all of the form t^z with r > 0. We claim 
that every vertex a in lies in the r-orbit of some vertex in S. Since F is con- 
nected, we may assume that F contains an edge a — b, where b lies in the r-orbit 
of some X £ Sq. Then b — r"x for some n > 0. If T^"^^a G F, then either 
X — ?> r^"^^a or x — ?> T^"a is an arrow in F. Since S is successor-closed in F, 
we have r~"a E S oi T^"^^a G S. Suppose now that r^"^^a ^ F. Then there 
exists some < m < n such that T~"^a G F while T^™-^^a ^ F . This yields an 
arrow r"~™a; — T^"''a or T~™a — r"~™a; in F. If n = m, since r~™~^a ^ F, it 
follows from the condition stated in (1) that T^"''a G A, and hence T~"^a G S . If 
m < n, then either T~"^a — > r"~™^-'^x or T^"''a — > t"~'^x is an arrow in F. By the 
property of A stated in (1), we have T^"''a G A. Since A is successor-closed, we 
get r"^™^^a; G A. Since A meets any r-orbit at most once, we see that m — n — 1 
and T^"^a a; is an arrow in F. Thus T~™a G S. This establishes our claim. As 
a consequence, S is a right-most section of F. Finally, since A meets any r-orbit 
at most once, we have A = S. The proof of the lemma is completed. 

Let (F, r) be a connected valued or non-valued translation quiver, and let x be 
a vertex in F. One says that x is projective or injective if tx or t~x is not defined 
in F, respectively. Moreover, we say that x is left stable if r"x is defined for all 
n G N; right stable if t~'^x is defined for all n G N; and stable if it is both left and 
right stable. Furthermore, F is called left stable, right .stable, or .stable if its vertices 
are all left stable, all right stable, or all stable, respectively. 

Given a connected quiver A with no oriented cycle, one constructs a stable 
translation quiver Zzi; see, for example, [28l Section 2]. We denote by NA the full 
translation subquiver of ZZ\ generated by the vertices (n, x) with n > and x G Aq, 
and by N~A the one generated by the vertices (n, x) with n < and x E Aq. It is 
evident that NA is right stable with a left-most section generated by the vertices 
(0,x) with X G Ao, while N~A is left stable with a right- most section generated 
by the vertices {0,x) with x G zig. Assume that Z\ is a section of F. Then F is 
isomorphic to the full translation subquiver of lA generated by the vertices {—n, x), 
where n E Z and a; G Zio such that t"x G F; see [28l (2.3)]. In particular, if A is 
left-most or right- most, then F embeds in NA or N~A, respectively. 

Let ^ be a Horn-finite KruU-Schmidt additive /c-category. For indecomposable 
objects X,Y E A, write irr(X. Y) = rad(X, y)/rad^(X, Y), and its dimensions over 
End(X)/rad(X,X) and End(y)/rad(y, F) are denoted by 

d'xY and dxY, respec- 
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tively. It is well known that A has an irreducible morphism f : X ^ Y if and only 
if dxY > , and in this case, d'^^ and ^''^ the maximal integers for which A 
has irreducible morphisms g : X'^^y Y and h : X Y'^^^ , respectively, where 
M" denotes the direct sum of n copies of M ; see [9J (3.4)]. The Auslander-Reiten 
quiver of ^ is a valued translation quiver defined as follows: the vertex set 
is a complete set of representatives of isomorphism classes of the indecomposable 
objects in A; for vertices X,Y, there exists a unique valued arrow X Y with 
valuation [d^Y i^'^y) ^^'^ only ii d^y > 0; ^-^d the translation r is defined so 
that tZ = X ii and only if A has an almost split sequence X — ^ Y — ^ Z ; see 
[27l (2.1)]. A valuation {d^Y i^'^^) is called symmetric if d^^ — '^xy ' ^^'^ trivial if 
d^Y = d'^^ = 1. For some technical reasons; see (|4.3p below, we shall replace each 
symmetrically valued arrow X ^ Y hy d^^ unvalued arrows from X to Y. In this 
way, becomes a partially valued translation quiver with possible multiple arrows 
in which all valuations are non-symmetric. The connected components of are 
called the Auslander-Reiten components of A. 

Now, we specialize to the Auslander-Reiten quiver rrcp+(Q) of rep"'"(Q). We 
choose its vertex set in such a way that it contains the Sx with x G Qo, the with 
X G Qo, and the Ix with x € . Recall that denotes the full subquiver of Q 
generated by the vertices x such that Ix is finite dimensional. We shall see that 
the arrows in /^rcp+(Q) ^re all symmetrically valued; see (I4.15|) below, and hence 
-^rep+(Q) is an unvalued translation quiver with multiple arrows in the sense of ^351 
page 47]. For convenience, we say that a representation M in i^rcp+(Q) is pseudo- 
projective if DTrM is infinite dimensional, or equivalently, DTrAf ^ Tep'^{Q). The 
following observation, which follows from Proposition l3. Gl and Corollarv l2.9[ clarifies 
the relation between the Auslander-Reiten translations t and for /^rep+(0) and 
the Auslander-Reiten translations DTr and TrD for rep{Q). 

4.2. Lemma. If AI is a representation lying in -ricp+(Q)) then 

(1) tM is defined in r'rop+(Q) */ o-'i^-d only if M is neither projective nor pseudo- 
projective, and in this case, tM = DTrM, which is of positive finite dimension; 

(2) M is defined in /^rcp+(Q) */ '^i^d, only if M is finite dimensional and not 
injective, and in this case, t^M = TtDM; 

(3) M is left stable or right stable in /^rcp+(Q) */ '"^'^ only if M is UTi -stable or 
TrD-stable in rep{Q), respectively. 

Remark. In other words, M is a projective vertex in -r,.(,p+(Q) if and only if M 
is a projective or pseudo-projective representation in rep^((5). Moreover, M is an 
injective vertex in /^rep+(Q) if and only if M is an injective or infinite dimensional 
representation in rep~'"((5). 

4.3. Lemma. Let be the full subquiver of /^rop+(Q) generated by the Px with 
X £ Qq, and let I^ be the one generated by the Ix with x £ . 

(1) The subquiver P^^ is predecessor- closed in -rrcp+(Q) isomorphic to . 

(2) The subquiver I^^ is successor-closed in -rrcp+(Q) '"^'^ isomorphic to {Q^)°^. 
Proof. We prove only the first statement, since the second one follows dually. For 
x,y € Qo, denote by Uxy the number of arrows in Q from x to y. By Proposition 
11.31 End(Pa;) = End(Py) = k and iTT{Py,Px) has fc-dimension Uxy Thus rrGp+(Q) 
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contains a valued arrow Py — > Px if and only if Uxy > 0, and in this case, the 
valuation is {nxy,nxy). By definition, the symmetrically valued arrow Py — )■ Px is 
replaced by Uxy unvalued arrows from Py to Px- Thus, P^ = Q°^- Moreover, if 
M ^ Px with x G Q is an arrow in /^iop+(Q)j then M is a direct summand of radP^^, 
and hence AI — Py for some y £ Q. Thus P^ is predecessor-closed in /^rcp+(Q)- The 
proof of the lemma is completed. 

The following result is well known in the finite case. 

4.4. Lemma. IfQ is connected, then /^rcp+(Q) contains an oriented cycle if and only 
if Q is finite of Euclidean type. 

Proof. We only need to consider the case where Q is connected and infinite. Suppose 
that /^rcp+(Q) contains an oriented cycle 

77 : Ml — ^ M2 — ' ^ Mn = Ml. 

Since Q has no oriented cycle, it follows from Lemma 14.31 that none of the Mi is 
projective. If some of the Mj is infinite dimensional, then the Mi are all infinite di- 
mensional and the DTrMi are of finite positive dimension by Lemma 13.21 Thus 
^rcp+(Q) has an oriented cycle tMi — 9- TM2 — ^ • • ■ — ^ tM„ = tMi , which 
contains only finite dimensional representations. Thus, we may assume that the 
Mi with 1 < i < n are all finite dimensional. In particular, supp(Mi © • • • © M„) is 
contained in a finite connected full subquiver S of Q. Observing that ry is also an 
oriented cycle in /^rep(i:)! we see that S is of Euclidean type. Since Q is connected 
and infinite, S is contained in a connected finite full subquiver A oi Q which is of 
wild type. Again, 77 is an oriented cycle in r'i.ep(/i), a contradiction. The proof of 
the lemma is completed. 

The preceding lemma yields the following important consequence. 

4.5. Lemma. Let F be a connected component 0/ r'j.cp+(Q) • 

(1) If F contains infinite dimensional representations, then such representations 
generate a right-most section of F. 

(2) If F contains pseudo-projective representations, then such representations gene- 
rate a left-most section of F. 

Proof. (1) By Lemma l4^ F has no oriented cycle. Assume that the full subquiver 
A oi F generated by the infinite dimensional representations is non-empty. By 
Proposition 13. 6[ A meets any r-orbit in F at most once, and by Lemma 13.21 A is 
successor-closed in F. Let M t'^N be an arrow in F , where n>Q,N£A, and 
M ^ A. Then M is finite dimensional. If M is injective then, by Proposition II. 161 
M — Ix for some x G Q+. By Lemma [4.31 n = and N ^ ly for some y G Q~^, 
contrary to that N £ A. Thus M is not injective, and by Lemma I42F 2). t~M G F. 
It follows then from Lemma BTT l) that zi is a right- most section of F. 

(2) Assume that the full subquiver S oi F generated by the pseudo-projective 
representations is non-empty. Clearly, S meets any r-orbit in F at most once. 
Fix an arrow M N in F. Suppose first that N £ S. Then iep{Q) admits an 
almost split sequence — ^ DTriV — E — ^ N — ^ , where DTrTV ^ rep+((5). 
By Corollary 13.51 an irreducible morphism f : M N in rep+((5) is irreducible 
in rep(Q). Thus there exists an irreducible morphism g : DTrA'^ — > M in Tep{Q). 
If M ^ S, by Lemma [3.4^ 2). rep"'"((5) has a minimal right almost split morphism 
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h : L ^ M which is minimal right ahuost spht in iep{Q). Therefore, DTriV is 
a direct summand of L, and hence DTriV G rcp+((3), a contradiction. Therefore, 
M e i7. In particular, S is predecessor-closed in F. Suppose next that AI = t~"X 
with n > and X d S. If TV is projective, then M is projective, and hence n — 
and X is projective, which contradicts that X is pseudo-projective. Thus iV is not 
projective, and hence either N is pseudo-projective or tN is defined in F, that is, 
either N e S or tN € F. By Lemma I4TT2). T is a left-most section of F. The 
proof of the lemma is completed. 

We are ready to describe the connected components of r'rop+(Q)- Such a con- 
nected component is called preprojective if it contains some of the Px with x € Qq. 
In case Q is connected, by Lemma l4.3r i). -rrcp+(Q) has a unique preprojective 
component which we denote by Vq . 

4.6. Theorem. Let Q be an infinite connected strongly locally finite quiver. Then 
the preprojective component Vq of r'rep+(Q) has a left-most section generated by the 
Px with X S Qq, and consequently, Vq embeds in ^Q°^ . Furthermore, 

(1) if Q has no right infinite path, then Vq is right stable of shape NQ°P; 

(2) if Q has right infinite paths, then Vq has a right-most section, and consequently, 
Vq contains only finite r-orbits. 

Proof. By Lemma [4.3f l). the full subquiver Pq of Vq generated by the P^ with 
X £ Qo is predecessor-closed in Vq and is isomorphic to (5°p. Clearly, Pq meets at 
most once any given r-orbit in F. Let t~^M — )■ TV be an arrow in Vq with n > 
and M £ Pq. Then t^"M is not pseudo-projective. By Lemma [3.4f 2). rep"'"((5) 
has a minimal right almost split morphism f : L ^ t~"M, which is minimal right 
almost split in rep(Q). li N ^ Pq, then rep((5) has an almost split sequence 

^ UTtN E ^ N ^0 . 

In view of Corollary 13.51 we see that rep((3) admits an irreducible morphism 
g : T^"M — i> N, and hence an irreducible morphism h : DTriV — >■ t'"AI. As a 
consequence, DTriV is a direct summand of L. In particular, DTriV G rcp+((5), 
and therefore, tN G Vq. By Lemma [4.1^ 2). is a left-most section of Vq. In 
particular, Vq embeds in NQ°P; see [28l (2.3)]. 

Furthermore, if Q has no right infinite path, then rep+((3) = Tep^{Q). In parti- 
cular, Vq contains only finite dimensional representation. Containing no injective 
representation by Proposition 12 . 14f 1 ) and Corollarv ll.l6f 2'). Vq is right stable by 
Lemma [4.2f 2V As a consequence, Vq = N(5°p. Otherwise, some of the Px are 
infinite dimensional, and hence Vq has a right-most section by Lemma 14.51 Now, 
since Vq has a left-most section and a right-most one, every r-orbit in Vq is finite. 
The proof of the theorem is completed. 

Remark. In case Q has right infinite paths, we can describe Vq more explicitly 
in the following way. Consider the right stable translation quiver NQ"^. We first 
define /(O, x) = dimfc P^, G N U {oo} for x G Qo, and then extend this in a unique 
way to an additive function 

/ : NQ°P ^ N U {oo} 

such that f{v) = oo whenever v is a, successor of some u for which f{u) = oo. Then 
Vq is isomorphic to the full translation subquiver of N(5°p generated by the vertices 
(n, x) with n G N and x G Qo such that n = 0, or otherwise, f{n — l,x) < oo. 
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Example. If Q is the infinite quiver 

o -< o -t o s- o s- o ■ ■ ■ J 

then the preprojective component of /^rep+(Q) has of the following shape: 




where each vertex is labeled with the dimension of the corresponding representation. 

Next, we shall describe the connected components of /^rcp+(Q) containing some of 
the 1^ with X £ Q^, called the 'preinjective components. To do so, for each x € ^ 
we denote by the connected component of containing x. 

4.7. Theorem. Let Q he an infinite connected strongly locally finite quiver. If F is 
a preinjective component of r^^^^+^Q-^ containing Lj. for some x G , then it has a 
right-most section generated by the ly with y e Q+, and consequently, it contains 
only finite dimensional representations and embeds in N^((5|^)°p. Furthermore, 

(1) if Q has no left infinite path, then /^rcp+(Q) has a unique preinjective component 
of shape N^Q"?; 

(2) if Q has left infinite paths, then every preinjective component of /^rGp+(Q) 

a left-most section generated by its pseudo-projective representations, and con- 
sequently, it contains only finite T-orbits. 

Proof. We fix a preinjective component F of -rrep+(Q)j which contain some Ix with 
X £ Qo. Let A be the full subquiver of F generated by the ly with y G Q^. 
From Lemma I43J2), we deduce that A is successor-closed in F and isomorphic to 
{Qx)°^- Moreover, A clearly meets at most once any r-orbit in F. Let M t'^N 
be an arrow in F , where n > and N £ A. Then N = ly for some y S Q^- Since 
N is finite dimensional, it follows from Lemma 13.21 that M is finite dimensional. 
If M = Iz for some z e , then T"Jy is injective by Lemma f4.3f 2'). Therefore, 
n = 0, and hence z £ . That is, M £ A. Otherwise, by Lemma 1421 2') . t~M 
is defined in F. By Lemma [4.11 ^ is a right- most section of F. Since A contains 
only finite dimensional representations, by Lemma 13.21 every representation in F 
is finite dimensional. 

If Q contains no left infinite path, then Q ~ Q+ and rcp^(Q) = rep^((3). Since 
F contains no projective representation by Proposition l2 . 14T 1 ) ■ we see from Lemma 
14.2( 1) that T is defined everywhere in F, that is, F is left stable. As a consequence, 
F = N~((5^)°^- On the other hand, since Q is connected, = Q. Thus, F con- 
tains all the ly with y € Qq. In particular, F is the unique preinjective component, 
which is of shape N~Q°^- 

Finally, suppose that Q contains left infinite paths. Since is predecessor- 
closed in Q by definition, Q has some arrow y ^ z with y G and z ^ Q^. 
Then rep((3) has an irreducible morphism f : Iz ^ ly with Iz infinite dimensional. 
Since ly ^ proj(Q) by Proposition I2.14r i). rep((5) has an almost split sequence 
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— *- DTr/j, — s- E — ^ ly — *- 0. Thus Iz is an infinite dimensional direct sum- 
mand of E. Since ly is finite dimensional, DTr/j, is infinite dimensional, that is, ly 
is a pseudo-projective representation. By Lemma [4.51 the pseudo-projective repre- 
sentations in r generate a left-most section. The proof of the theorem is completed. 

Remark. (1) Theorem 14.71 says that the preinjective components of F^^p+i^Q-f cor- 
respond bijectively to the connected components of . In particular, F^^p+iQ) ha-s 
no preinjective component if Q"*" is empty. 

(2) In case Q has left infinite paths, the preinjective components can be found 
in the following way. Consider the left stable translation quiver We define 

/(O, x) = diuik /a; G N U {oo} for x G Qo, and extend this in a unique way to an 
additive function 

/ : N-g°P N U {oo} 
such that f{v) = cx) if z; is a predecessor of some vertex u with f{u) = oo. Then 
the preinjective components of /^rcp+(Q) correspond bijectively to the connected 
components of the full translation subquiver of N^(5°p generated by the vertices 
{n,x) with f{n,x) < oo. 

Example. If Q is the infinite quiver 





then /^rcp+(Q) has a trivial preinjective component {/q} and another preinjective 
component of the following shape : 

^'^^ 

A representation lying in r'rep+ (Q) is called preprojective or preinjective if it lies 
in a preprojective component or in a preinjective component, respectively. Before 
going further, we shall study some properties of these representations. 

4.8. Lemma. Let M be a representation in -rrcp+(Q)- 

(1) If M is preprojective, then it has only finitely many non-projective predecessors 
in the preprojective component. 

(2) If M is preinjective, then it has only finitely many successors in its preinjective 
component. 

Proof. We may assume that Q is connected. Suppose first that M lies in the 
preprojective component Vq. By Theorem 14.61 and Lemma l473l Vq has a left-most 
section P^, which is generated by the Px with a; G Qo and isomorphic to (5°p. 
Suppose that M has infinitely many non-projective predecessors in Vq . By Konig's 
lemma, has a left infinite path of non-projective representations as follows : 

^AU^ ^Mi^ Afo = M . 

Since Pg is a left-most section, we can write Mi = r^^'Pxi , where Xi G Qo and 
r, G N such that > > for all i > 0. Thus, we may assume that ri — ro 
for all I > 1. This implies that P^ has a left infinite path ending in Pxq, which in 
turn implies that Q has a right infinite path starting in xq. In particular, P^g is 
infinite dimensional. By Lemma l4.2f 2). Pxg is not defined, which is absurd since 
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ro > 0. This proves Statement (1). Since the preinjective components of /^rcp+(Q) 
contain only finite dimensional representations, we can prove Statement (2) in a 
dual manner. The proof of the lemma is completed. 

4.9. Lemma. Let f : M ^ N be a non-zero non-invertible morphism in rep~'"(Q) 
with M,N e -^rGp+(Q)- If M is preinjective or N is preprojective, then -rrcp+(Q) 
contains a non-trivial path from M to N . 

Proof. We consider only the case where TV lies in the preprojective component Vq 
of -rrep+(Q) , since the other case can be treated in a dual manner. Let be the 
left-most section in Vq. Suppose first that N = Py for some y & Qq. Since / is non- 
zero and rep"'"((5) is hereditary, M = P^ for some x ^ Qq. Since / is non-invertible, 
we deduce from Proposition 11.31 that a; is a proper successor of y in Q- Hence Py 
is a proper successor of P^. in P^^ . Suppose now that N is not projective while M 
is not a proper predecessor of N in Vq. Since every representation in Vq is the 
co-domain of a minimal right almost split morphism in rep"^(Q), using induction, 
we get an infinite path 

^ TV, ^ iV,_i ^Ni^Nq^N 

in Vq and non-zero non-invertible morphisms fi : M ^ Ni for i > 0. By lemma 
there exists a positive integer n such that Nn is projective. Hence, M is a proper 
predecessor of iV„ by our previous consideration, and hence a proper predecessor 
oi N hi Vq , a contradiction. The proof of the lemma is completed. 

4.10. Proposition. Let M be an indecomposable representation lying in /^rop+(Q)- 

(1) // M is preprojective, then Hom(L,M) = for all but finitely many non- 
projective representations L in -rrop+(Q) • 

(2) // M is preinjective, then Hom(7\f , L) = for all but finitely many representa- 
tions L in r^Qp+(^Qy 

(3) If M is preprojective or preinjective, then Ext"'^(M, M) — 0. 

Proof. The first two statements follow immediately from Lemmas 14.81 and 1 4.91 Sup- 
pose that rep+(Q) admits a non-trivial extension — ^ AL — ^ E — ^ M — ^ 0. 
Then, M is neither projective nor injective. Assume that M lies in the prepro- 
jective component Vq. If M is pseudo-pro jective then, by Lemma ^31 2'). Vq has 
a left-most section generated by its pseudo-pro jective representations, which coin- 
cides with the left-most section generated by the Px with x £ Qo, a contradiction. 
Hence tM is defined in Vq . This yields a commutative diagram 

^ M ^ E — M — ^ 

\f \ II 
— ^ tM — ^ iV — ^ M — ^ 

in rep+((3), where the lower row is an almost split sequence. By Lemma 14. 9[ 
f — 0, and hence the lower row splits, a contradiction. Suppose next that M 
lies in a preinjective component X. Observing that t~AI is defined in I, we get a 
contradiction by a dual argument. The proof of the proposition is completed. 

The rest of this section is mainly devoted to describing the regular components 
of ^rep+(Q)j that is, the connected components which contain none of the Px and 
the Ix with X € Qq. For this purpose, we shall need a proposition to dualize results 
on rep+(Q) to those on iep~{Q). For its proof, the following easy result is useful. 
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4.11. Lemma. Let f : M ^ N he a morphism in rep^{Q). Then f is irreducible in 
Tep^{Q) if and only if it is irreducible in rep{Q). 

Proof. We only need to prove the necessity. Suppose that / = hg, where g : M ^ L 
and h : L ^ N are morphisms in vep{Q). Let i7 be a finite fuh subquiver of Q, 
containing the vertices in supp(M © TV) as weh as their immediate predecessors 
and immediate successors in Q. This yields a factorization / = h^g^ in Tep^{Q). 
Therefore, g^ is a section or is a retraction. Li the first case, 5 is a section since 
S contains the immediate predecessors of the vertices in suppAf . In the second 
case, /i is a retraction since E contains the immediate successors of the vertices in 
suppiV. The proof of the lemma is completed. 

4.12. Proposition. Let F be a regular component 0/ I^i.^p+j^Q) . 

(1) // F has infinite dimensional but no pseudo-projective representations, then 
the full translation subquiver of F obtained by deleting the infinite dimensional 
representations is a left stable regular component o/Frcp-(Q)- 

(2) // F has pseudo-projective but no infinite dimensional representations, then F 
is the full translation subquiver of a right stable regular component of /^rcp-(Q) 
obtained by deleting the non-empty set of infinite dimensional representations. 

Proof. (1) Suppose that F contains infinite dimensional but no pseudo-projective 
representations. By Proposition 14.5^ 1). the infinite dimensional representations in 
F generate a right-most section A. Let F' be the full translation subquiver of F 
generated by the representations not in A. Containing no projective or pseudo- 
projective representation, F' is left stable. Being finite dimensional, the represen- 
tations in F' may be assumed to all lie in Frcp-{Q)- Fix representations M,N in 
F' . It follows from Lemma 14.111 that a morphism f : M ^ with r > is 
irreducible in rep~'"(Q) if and only if it is irreducible in rep^((5) and a morphism 
g : — 7> N with s > is irreducible in rep+(Q) if and only if it is irreducible in 
rep^(Q). Therefore, M — !• is a valued arrow with valuation {d,d') in F' if and 
only if M — ^ A'^ is a valued arrow with valuation {d,d') in /^rep-(Q)- In particular, 
F' is a full valued subquiver of some connected component C of Fre-p~(Q)- Next, 
since M is neither projective nor pseudo-projective, rep+((5) has an almost split 
sequence 77 : — ^ tM — ^ E — ^ M — ^ 0, where tM is finite dimensional. By 
Lemma [4. Ill rj is also an almost split sequence in rep~((5). This shows that F' is 
a predecessor-closed valued translation subquiver of C. Next, let M — >■ X be an 
arrow in C with an irreducible morphism u : M X 'm rep^((5). By the dual 
of Corollary 13.51 ^ is irreducible in rep((5). On the other hand, since M is finite 
dimensional and not injective, by Corollarv l2.9f 2). rep+(Q) has an almost split se- 
quence — ^ M — ^ E — 5~ T^M — ^ , which is also almost split in rep((5). Then 
X is a direct summand of E. If t~M G F' , then E is finite dimensional and so is 
X. If T~M S A then, by Corollary 13.3^ 2). X is finite dimensional. In any case, 
M — >■ X is an arrow in F' . This shows that F' is successor-closed in C, and hence, 
F' = C. That is, F' is a regular component of /^rep-(Q) which is left stable. 

(2) Suppose that F contains pseudo-projective but no infinite dimensional repre- 
sentations. Since the representations in F are finite dimensional and non-injective, 
F is right stable. Using an argument dual to the above one, we see that F is 
a successor-closed valued translation subquiver of a connected component C of 
^rop-(Q)- Since F is right stable, C has no right-most section. In particular, by the 
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dual of Theorem 14.61 and the dual of Lemma [4.5^ 2') . C contains no representation 
M which is injective or pseudo-injective, where M is pseudo-injective if TrDAf is 
infinite dimensional. Now, fix a pseudo-projective representation N in F. Since it 
is finite dimensional and non-projective, by Corollarv l2.9f 1). rep((5) has an almost 
split sequence — ^ DTr N — ^ E — ^ N — ^ with DTriV of infinite dimension, 
which is also an almost split sequence in rep~((5). In particular, DTrA^ is an in- 
finite dimensional representation in C. By the dual of Theorem 14. 7[ C is not a 
preprojective component, and hence a regular component of r^.^p-f^gy By the dual 
of Statement (1), the full translation subquiver C of C obtained by deleting the 
infinite dimensional representations is a connected component of /^rep+(Q)- Since F 
is a connected component of /^rcp+(Q) which is contained in C, we see that F and 
C coincide. The proof of the proposition is completed. 

We shall also need the following result to deal with the regular components 
containing infinite dimensional representations. 

4.13. Lemma. Let F be a regular component of F ^^^^(^Qy and let M be an infinite 
dimensional representation lying in F . 

(1) If N,L are representations in F, then rep(Q) admits no chain of irreducible 
monomorphisms DTr L — ^ N — L ■ 

(2) If M ^ N is an arrow in F , then tN G F with dim^ DTr A/ > dim^ tN , and 
any irreducible morphism f : M ^ N in rep+((3) is an epimorphism. 

(3) // M Ml ^ Mn-i Mn is a path in F, then tHI, e F for all 

i = l,...,n; j = 0,...,i. 

(4) // M — ^ Ml — ^ M2 — ^ M3 is a path in F and f : M3 N is an irreducible 
morphism in Tep^{Q), then N is indecomposable. 

(5) If M is not pseudo-projective, then rep+((3) has a minimal right almost split 
morphism f : Ni © N2 — >■ M , where Ni is indecomposable of infinite dimension 
and N2 is of finite dimension. 

Proof. Let X be a representation lying in F. Write d{X) = dimfe X G N U {00}. 
Since F is regular, DTrX is an indecomposable representation in rep^((5). Thus, 
tX is defined in F if and only if X is not pseudo-projective. 

(1) Suppose that rep((5) admits irreducible monomorphisms DTri — N L 
where N,L in F. Since DTrL is a finitely co-presented sub-representation of A^, 
making use of Lemma ll. 6( 2') and Corollary 11.71 we see that DTrL is finite dimen- 
sional, and hence tL is defined in F. Now rep((5) has an irreducible morphism 
gi : DTrA^ DTrL, which is a monomorphism by Corollary 12.71 In particular, 
DTrA^ is finite dimensional, and hence tN is defined in F. Applying the same argu- 
ment to rA^ tL N, we get an irreducible monomorphism fi : DTr^L — > tN 
in rep((5). Repeating this process, we see that tW and r'L are defined in F for all 
i > 0, and iep{Q) admits an infinite chain of irreducible monomorphisms 

Q /2 „ 92 „ fl 91 ^ f 9 -r 

^ r^L — ^ T^N — ^ r^L — ^ tN — ^ rL — ^ N — ^ L, 

which is absurd since dirL) < 00. 

(2) Let M N he an arrow in F. By Lemma [3.21 DTrA^ is finite dimensional, 
and hence tN e L, and rep((5) has an irreducible monomorphism g : tN — M. 
Since M is not projectiye, rep((3) has an irreducible morphism h : DTrAf — >■ tN, 
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which is an epimorphisni by Statement (1). Hence dinifc DTrA/ > d{TN). By Corol- 
lary [213 every irreducible morphism / : M — > iV in rep^"(Q) is an epimorphism. 

(3) Let M^Mi^ ^ Mn-i Af„ be a path in T. By Lemma [3?2l 

Mi is infinite dimensional while rMi is defined of finite dimensional, for every 
1 < i < n. Thus, rep^((3) has irreducible monomorphisms fi.i-i ■ TMi — > Afi_i, 
i — 1, . . . ,n, where Mq = M. Let i with < i < n be such that rep+((5) has a 
chain of monomorphisms 

t"-'M„ t"-*-1M„_i ^ ^ tM,+i M,. 

By Corollary [5771 rep^((5) has a chain of monomorphisms 

DTr"-*+iAf„ DTr"-W„_i ^ DTr^Af.+Z^^VM, Af^-i. 

Since rMi is finite dimensional, the DTr-'^'+^ AT,- with i < j < n arc all finite 
dimensional. That is, T^~''~^^Mj is defined in F, for all i < j < n. 

(4) Let M Ml M2 M3 be a path in T, and let / : Afa ^ TV be an 
irreducible morphism in Tep'^{Q). Write N — (Bf^i Ni with the Ni indecomposable. 
By Statement (3), Mi is defined of finite dimension for 1 < ? < 3 and 1 < j < i, 
and Ni is defined of finite dimension for 1 < i < n and 1 < J < 4. Since M2 
is infinite dimensional by Lemma 13. 2[ rep+((5) has an irreducible monomorphism 
g : rAfg A/2, and by Statement (2), dirMs) < (i(rA/2). Moreover, it follows 
from Coronary[121that dir^M^) < ^(T^Afa). This yields 

dir^Ms) + dirMs) < d{T^M2) + dirM^) < d{T^M2) + d{TM2). 
Suppose that n > 2. Since d is additive, d{T^Ni) + dir'^Ni) > d{T'^Mj,) for i 1, 2, 
and d{T'^M3) + dirM^) > ^(t^TVi) + d{T'^N2) + (i(T A/2). Furthermore, 

d(T3A/3)+d(T2A/3) > d{T^Nl)+d{T'^N2)+d{T^M2) 

> dir^Ms) - d{T^Ni) + dir^Ms) ^ d{T^N2) + ^(r^A/z) 

> dirHla) + d(rA/2) - dirM^) + ^(r^A/a). 

As a consequence, we get ^(r'^A/a) + c?(tA/3) > (i(r^ A/2) + d{TM2), a contradiction. 
Thus N is indecomposable. 

(5) Let M be not pseudo-projective. Then rep+(Q) has an almost split sequence 

tM '■'''■■■''"K 7Vi © • • • © 7V„ ^^''--H m 0, 

where tM is finite dimensional and the iV^ are indecomposable. Since d{M) — 00, 
we may assume that d(Ni) = 00. Then gi : tM — A^i is a monomorphism. By 
Statement (1), fi is an epimorphism. Hence, gi : tM — > Ni is an epimorphism, and 
hence d{Ni) < 00, for 1 < i < n. The proof of the lemma is completed. 

Finally, we recall that a valued translation quiver is called a wing if it is isomor- 
phic to the following trivially valued translation quiver : 

o 

o -< o 

^ X X 

o .< o -< o 

o o ■ ■ • • ■ o ■< ' o 

X X ^ X X 

o -s o • • ■ • ■ • o ■<: o 



where the dotted arrows indicate the translation; see [3S1 (3.3)]. 
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Now we have the promised description of the regular components of -rrop+(Q)- 

4.14. Theorem. Let Q be an infinite connected strongly locally finite quiver, and 
let r be a regular component of -rrep+(Q) • 

(1) If r has no infinite dimensional or pseudo-projective representation, then it is 
of shape ZAqo • 

(2) // r has infinite dimensional but no pseudo-projective representations, then it 
is of shape N^Aqo and its right-most section is a left infinite path. 

(3) // r has pseudo-projective but no infinite dimensional representations, then it 
is of shape NAqo and its left-most section is a right infinite path. 

(4) // r has both pseudo-projective representations and infinite dimensional repre- 
sentations, then r is a finite wing. 

Proof (1) Write d{M) = dim^ M £ NU {cx)}, for M £ F. Suppose that F contains 
no infinite dimensional or pseudo-projective representation. By Lemma 14.21 r is 
stable. Having no oriented cycle by Lemma [4.4) F is isomorphic to ZZ\, where A 
is a section of F; see [28l (2.3)]. Consider the additive function 

d : To ^ N : Af d(Af), 

which is strictly monotone by Lemma |2.7[ and consequently, A is cither finite or of 
type Aoo ; see [37] . Suppose that A is finite. Let O be the full translation subquiver 
of F generated by the representations lying in Z\ U tA U t~A. Being connected and 
infinite, Q has a finite connected full subquiver E , which contains the supports of 
the representations lying in and which has more vertices than A does. Then 
is a full translation subquiver of some connected component F' of -riop(i:)- Since 
is finite and satisfies the condition SA stated in [28l (3.1)], F' is the preprojective 
or preinjective component of -rrep(i:) having zi as a section. In particular, E and 
A have the same number of vertices, a contradiction. Thus, A is of type Aqq- 

(2) Assume that F has infinite dimensional but no pseudo-projective represen- 
tations. By Lemma l4.2r i). F is left stable, and by Lemma l4.5r i). the infinite 
dimensional representations lying in F generate a right-most section A. Therefore, 
F = see [28l (2.3)]. By Lemma l4T3l' 2). A contains no right infinite path, 
and hence it has a sink- vertex Mq. Having no pseudo-projective representation, by 
Lemma |4T3U5), A contains a left infinite path 

(*) ^ AU Mn-i ^ Ml ^ Mo. 

For each n > 0, denote by ((i„,d^) the valuation of the arrow M„ M„_i. By 
Lemma [4.13f 5). = 1 and M„ is the only immediate predecessor of Af„_i in A. 
By Lemma r4.13r 4). dn — I and A/„_i is the only immediate successor of Af„ in A. 
This shows that the path (*) is trivially valued and coincides with A. In particular, 
F is of shape N~Aoo . 

(3) Assume that F has pseudo-projective but no infinite dimensional represen- 
tations. By Proposition l4.12f 2). F is the full translation subquiver of a right stable 
regular component F' of /^rop-(Q) obtained by deleting the infinite dimensional rep- 
resentations. By the dual of Statement (2), the infinite dimensional representations 
in F' generate a left-most section which is a right infinite path. As a consequence, 
the pseudo-projective representations in F generate a left-most section which is a 
right infinite path. In particular, F is of shape NAqo. 
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(4) Suppose that F has both infinite dimensional representations and pseudo- 
projective ones. By Lemma l4?5| F has a right-most section A generated by the infi- 
nite dimensional representations, and a left-most section generated by the pseudo- 
projective ones. In particular, F contains no left or right stable representation. 

Next, we show that Z\ is a finite trivially valued path. If A has no pseudo- 
projective representation, then it follows from Lemma [4.13( 3). (5) that A has a left 
infinite path in which every representation is left stable, a contradiction. Thus A 
contains a pseudo-projective representation Mq. By Lemma [4.13f 2).f5). Mq is a 
unique source vertex in Z\. li N € A with TV ^ Mq, then TV is a proper successor of 
Mq in A, and by Lcmma l4.13r 2). rep^{Q) has a chain of irreducible epimorphisms 
from Mq to N. In particular, we have shown that suppX C suppA/o, for all X G A. 
Consider now an almost split sequence 

V ■■ ^ L ^ E ^ Mq ^ 

in rep((3), where L e rep~(Q) is infinite dimensional. By Corollarv 11.71 suppi 
contains a left infinite path p with e(j>) lying in the socle-support of L. By Lemma 
12.111 e{p) is a successor in Q of some vertex in suppA^o- Not being contained in 
suppAfo by Lemma Il.6r 2). p passes through a vertex x which is not a successor of 
any vertex in suppAfo- Let be the successor-closed subquiver of Q generated by 
X and suppAfo- By Proposition 12 . 1 1 ) . rep(6') has an almost split sequence: 

77,, : ^ L,, E,, ^ Mq 0. 

We define a new quiver Q' by attaching to 6* a right infinite path 



where Ui ^ Q for every i > I. Let X e A. Since suppX C suppAfp, we have 
X £ rep (61) and X S rep(Q'). Since x is not a successor in Q of any vertex in 
suppAfo, the vertices in suppMo have the same successors in Q and in Q'. This 
implies that X G rep"'"((5'). Now, let q : X ^ Y with X,Y € A he a.n irreducible 
morphism in rep"''((5). By Corollarv 13. 5[ q is irreducible in rep(Q), and hence 
irreducible in rep(6'). Since contains the successors in Q' of the vertices in 
suppy, by Proposition 12. 16T 2). q is irreducible in rep(Q'), and hence irreducible in 
rep^(Q')- This shows that Z\ is a connected subquiver of /^rep+(Q')- particular, 
Z\ is a subquiver of a connected component F' of -rrcp+(Q')- 

Observe that a; is a source vertex in Q' which is not a successor of any vertex 
in suppAfo- Thus contains all the predecessors in Q' of the successors of the 
vertices in suppAfo- By Proposition I2.16r i). 77^ is an almost split sequence in 
rep(Q')- Since is finite dimensional, 77^ is also an almost split sequence in 
rep+((5'). That is, = t^Mq. Furthermore, Since is top- finite, Q' has no left 
infinite path, and hence, rep~(Q') = rep''(Q'). In particular, F^^p+(^Q,^ contains no 
pseudo-projective representation. Since x € suppLg, applying Lemma [2.121 to the 
infinite acyclic walk u, we see that is left stable in F' , and consequently, F' is 
not preprojective. Moreover, since Afo is infinite dimensional, F' is not preinjective 
by Theorem l4.7l That is, F' is a regular component of f^rep+(Q')- Since F' contains 
infinite dimensional but no pseudo-projective representations, by Statement (2), its 
infinite dimensional representations generate a right-most section A\ which is a 
trivially valued left infinite path. As a consequence, F' is trivially valued. 

Let X — )■ y be an arrow in A whose valuation in F is {d,d'). Then Y ^ Afo, 
and by Lemma 14.13( 2). Y is not pseudo-projective. In view of Lemma l4.13[ 5). we 
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see that d' ~ I. Suppose that d > 1. Then rep+((3) has an irredueible niorphisni 
f : X N with N — Y Q)Y, which is also an irreducible morphism in rep+(6'). 
We claim that / is irreducible in rep+((5'). Indeed, let / = hg, where g : X M 
and h : M N are morphisms in rep+((5'). Since is predecessor-closed in Q' , by 
Lemma r2.15r i'). Afg, e rep+(6'). This yields a factorization / — h^,g^_, in rep+(6'). 
Therefore, is a section or /i^ is a retraction. In the first case, w'^g = Ix for some 
morphism v' : X. Since contains the predecessors in Q' of the vertices in 

suppX, we can extend v' to a morphism w : M — > X in rep((5') such that vg — \x- 
That is, g is a section. Dually, if is a retraction, then h is a, retraction, since 
contains the successors of the vertices in suppA^. This establishes the claim. As a 
consequence, the arrow X ^ Y in F' has a non-trivial valuation, a contradiction. 
This proves that A is trivially valued as a valued subquiver of F . Furthermore, 
since the representations in A are all infinite dimensional, Zi is a full subquiver of 
A' . Having a source vertex, A is of the form 

Afo ^ Ml ^ ^ Af„_i ^ Mn. 

If n = 0, then A = {A/q}, and consequently F = {Mq}, and we are done. 
Suppose now that n > 0. By Lemma |4. 13( 2). F contains a path 

p : t"A//„ ^ r"-iA'f„_i ^ ^ tA/i ^ Mq. 

Since Mq is pseudo-projective, by Lemma I4.5r 2). p contains only pseudo-projective 
representations. Moreover, p meets every r-orbit in F since so does A. Thus, p is 
the left-most section of F generated by its pseudo-projective representations. This 
shows that f is a finite wing. The proof of the theorem is completed. 

Remark. (1) By Theorem 14. 14( 4) . we have a one-one correspondence between the 
infinite dimensional pseudo-projective representations in Fycp+{Q) and the finite 
regular components of r'rGp+(Q)- 

(2) Let r' be a non-trivial regular component of /^rep+(Q)- By Theorem 14.141 ^ 
contains a unique non-trivial r-orbit O in which every representation which is not 
pseudo-projective is the ending term of an almost split sequence with an indecom- 
posable middle term. The representations in O are called quasi-simple. Moreover, 
each representation M in F has a unique sectional path Af — Af„ — • • • — s- Afi, 
with n > 1 and Mi quasi-simple. One calls n the quasi-length of M. For con- 
venience, the only representation in any trivial regular component is also called 
quasi-simple. 

Applying Theorems 14.71 l476l and l4T4l we get immediately the following result. 

4.15. Corollary. If Q is an infinite connected strongly locally finite quiver, then 
^i-cp+iQ) has a symmetric valuation. 

In the next two sections, we shall see that each of the four types of regular 
components does occur. To conclude this section, we give some conditions on Q 
such that /^rop+(Q) has at most one type of regular components. We start with the 
case where Q has no infinite path. 

4.16. Corollary. Let Q be an infinite connected strongly locally finite quiver. 
If Q has no infinite path, then /^rop+(Q) consists of a preprojective component of 
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shape NQ°P, a preinjective component of shape N and possibly some regular 

components of shape ZAoo • 

Proof. Assume that Q has no infinite path. Then rep"'"((5) — rep^(Q) = rep~(Q). 
In particular, -r'rop+(Q) has no infinite dimensional or pseudo-projective representa- 
tion. Now the result follow immediately from Theorems 14.6^ 1) . 14.7^ 1). and l4.14r i). 
The proof of the corollary is completed. 

Finally, for convenience, we shall call a non-trivial walk in Q an almost-path if 
all but finitely many of its edges are arrows. 

4.17. Theorem. Let Q be an infinite connected strongly locally finite quiver. 

(1) // every right infinite acyclic walk in Q is an almost-path, then every regular 
component o/ r'rep+(Q) of shape N~Aoo. 

(2) // every left infinite acyclic walk in Q is an almost-path, then every regular 
component o/ -ri-op+(Q) is of shape NAqo. 

Proof. (1) Suppose that the right infinite acyclic walks in Q are all almost-paths. 
Since the inverse of a left infinite path is a right infinite acyclic walk which is not 
an almost-path, Q contains no left infinite path. Hence, rep~{Q) = rep^{Q), and 
in particular, /^iop+(Q) has no pseudo-projective representation. Let r" be a regular 
component of /^rcp+(Q)- By Theorem 14. 141 P is of shape ZAqo or N~Aoo. 

Suppose that P is of shape ZA^o ■ Then, by Theorem 14.141 again, the represen- 
tations in P are all finite dimensional. Fix arbitrarily a representation M in P. 
Observe that supp(M © t~M) is connected since Ext^ (t-M,M) ^ 0. As a conse- 
quence, S — supp(©i>o T~^M) is connected. We claim that S is finite. Indeed, if S 
is infinite, then it contains a right infinite acyclic walk w, which is an almost-path 
by hypothesis. Write w = vu, where w is a finite walk and is a right infinite path : 

ao — ^ ai — ^ 02 — ^ • • • 

Observe that oo G supp t^^M for some r > 0. Since M © • • • © t^^M is finite 
dimensional, there exists a maximal integer s such that S supp(M©- • •(Bt~^M). 
Then Og^i lies in the support of some M with j > r. Let t be minimal such that 
the support of t^^M contains some of the Oi with i > s. Then t > r. Since t^^M 
is finite dimensional, there exists a maximal integer I such that ai G supp r~*M. 
Then I > s. Since a/+i ^ supp t~*M and a; a;+i is an arrow, by Corollary 
12.111 aj+i G supp r^*^*^^^Af, which is contrary to the minimality of t. Our claim is 
established. As a consequence, there exist two distinct integers m,n > such that 
T~™M and t~'^M have the same support, a contradiction to Proposition I2.14f 2'). 
Therefore, P is of shape N^Aqq. 

(2) Suppose that the left infinite acyclic walks in Q are all almost-paths. Then 
Q has no right infinite path, and hence rep"'"((5) = rep^((5). Hence -rrop+(Q) has no 
infinite dimensional representation. Let 7^ be a regular component of P-cep+^Q)- -By 
Theorem 14.141 P is of shape ZAoo or NAqo • If is of shape ZAqo , then every rep- 
resentation in P is finite dimensional. Hence F is a regular component of /^rep-(Q)- 
On the other hand, by the dual of Statement (1), all the regular components of 
P^ep- (Q) are of shape NAqq , a contradiction. Thus P is of shape NAqo • The proof 
of the theorem is completed. 

Remark. If Q is constructed from a finite quiver by attaching finitely many disjoint 
right infinite paths, then it clearly satisfies the condition stated in Theorem 14. 17( 1). 
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Note, however, that the quiver 

O O S- O 9- O S- ■ • • 

\ \ \ \ 

o o o o 

satisfies the stated condition, but it can not be constructed in this way. 

5. Representations of infinite Dynkin quivers 

Throughout this section, let Q stand for an infinite Dynkin quiver, that is, its 
underlying graph is one of the following three infinite diagrams : 

: •■• — o — o — o — o — ••• 

Aoo : o — o — o — o — ■•• 

: o — o — o — o — ••• 

I 

o 

As main results, we shall give a complete list of the non-isomorphic indecom- 
posable representations in rep+((3) and describe explicitly its Auslander-Reiten 
components. Note that Reiten and Van den Bergh have done so (with no proof) 
for each type of infinite Dynkin quivers with the alternating orientation; see [341 
(III.3)]. 

As usual, some combinatorial consideration is needed. Let w be a reduced walk 
in Q. Denote by Q{'w) the full subquiver of Q generated by the vertices appearing 
in w. We say that w has no left infinite path or no right infinite path if so does 
Q{w). Now, w is called a string if the quiver Q{w) contains at least one, and at 
most finitely many, sink or source vertices. If w; is a non-trivial string, then neither 
w nor is a double infinite path, and we can write uniquely w a,s w = Wn • • • wi, 
where wi, . . . , Wn are non-trivial paths or inverses of non-trivial paths such that 
Wi^iWi is neither a path nor the inverse of a path, for 1 < i < n. In this case, we 
call wi the initial walk, and w„ the terminal walk, of w. Let v, w be strings. In case 
e{v) = s{w), we define the composite of v, w to be wv if it is a non-trivial reduced 
walk, or w if v is trivial, or w if w is trivial. For instance, if a : a; — > y is an arrow, 
then a^^£y = = exCt~^, but £x ^ a~^a, since a,a~^ are not composable as 
strings. Now, v is called a substring of w if w — svr, where r, s are strings. 

5.1. Definition. Let Q be a quiver of type AJ^ or Aoo. Each arrow a : y ^ x 
determines a unique triple (g, a,p), called a double-hook, where q is the longest path 
ending in y but not with a, and p is the longest path stating in x but not with a. 

Remark. A double-hook {q,a,p) has no left infinite path if and only if q is finite. 
In this case, pa~^q is a string with no left infinite path. 

Example. Let Q be a quiver of type Aoo as follows : 

Then (ei,a,eo) and (/3a, 7, p^) are double-hooks, where p^ denotes the infinite 
path starting in 3. 
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For convenience, wc shall say that Q is canonical of type Aoo if Qo = N and the 
edges are of the form x x + 1; canonical of type K"^ \iQu = Ij and the edges are 
of the form x — a; + 1; and canonical of type Doo if Qo = N such that 0, 1 are of 
weight one and 2 is of weight three and the edges not attached to are of the form 
X — x + 1. 

5.2. Definition. Let Q be a canonical infinite Dynkin quiver, and let ^ be a set 

of paths having pairwise distinct starting points. 

(1) For p, g G we define p <qM and only if s{p) < s{q). 

(2) For p,q & S^, we define p = (q) and q = <J^{p) ii p ~< q and there exists no 
u in .y such that p -< u ^ q. 

(3) We call the source-translation in J^. 

Remark. (1) The relation ^ is a well order in ,y. 

(2) li p,q G S^, then p ~< q ii and only if p = cr'(g) for some i > 0. 

Let Q be canonical of type Aqo or A^. A non-trivial path in Q is called right- 
oriented or left-oriented if its arrows are all of the form a; a; + 1 or all of the form 
X — 1 X, respectively. Moreover, a string w is called normalized if s(u) < e(u) 
for any finite substring u of w. It is evident that w or w^^ is normalized. 

5.3. Notation. Suppose that Q is a canonical quiver of type A^o or A^. 

(1) Let Qr denote the set of right-oriented maximal paths having a starting point 
and the trivial paths Sx, where x is either a middle point of a left-oriented path 
or a sink vertex of weight one. 

(2) Let Ql denote the set of left-oriented maximal paths having a starting point 
and the trivial paths Sx, where x is either a middle point of a right-oriented 
path or a source vertex of weight one. 

We state some alternative defining properties of the paths in Qn. 

5.4. Lemma. Let Q be a canonical quiver of type A^o or A^. 

(1) Ifx G Qo andp is a path, thenp G Qr with s{p) = x + 1 if and only ifx <r- x+1 
is an arrow, and p is the longest path starting in x + 1 hut not with x -i^ x + 1. 

(2) If q is a finite path, then q G Qr with e{q) = x if and only if x -t^ x + 1 is an 
arrow, and q is the longest path ending in x hut not with x <— x + 1. 

Proof. (1) Let x G Qo and p be a path. Suppose that a : x x + 1 is an arrow, 
and p is the longest path starting in x -|- 1 but not with a. HQ has an arrow 
X + 1 <— X + 2, then p ~ Sx+i G Qr. If Q has an arrow 7:x + l^x + 2, then p 
is the maximal path stating with 7. Being right-oriented, p lies in Qr. Conversely, 
suppose that p G Qr with s{p) = x -|- 1. Assume that p is non-trivial. Then p is a 
right-oriented maximal path starting in x + 1. Hence, Q has an arrow a : x + 
Being maximal and right-oriented, p is the longest path starting in x -t- 1 but not 
with a. Otherwise, p = Sx+i with x -|- 1 the middle point of a left-oriented path or 
a sink vertex of weight one. Since x G Qo, the second case docs not occur. That 
is, Q has a path x-(— x-|-l<— x-|-2. In this situation, Sx+i is the longest path 
starting in x -|- 1 but not with a. 

(2) Let q he a finite path in Q. Suppose that a : x x -f- 1 is an arrow, and 
q is the longest path ending in x but not with a. If x is a sink vertex of weight 
one or X — 1 X is an arrow, then q = Sx & Qr- Otherwise, ^ : x — 1 — >■ x is 
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an arrow, and q is the maximal path ending with 7. Being right-oriented and a 
maximal path, q G Qr. Conversely, suppose that q G Qr with e{q) — x. Assume 
that q is non-trivial. Then it is a right-oriented maximal path ending in x. Hence, 
a : a; <— a; -|- 1 is an arrow. Being maximal and right-oriented, q is the longest 
path ending in x but not with a. Otherwise, q — Ex with x the middle point of a 
left-oriented path or a sink vertex of weight one. In either case, a : a; <— a; -I- 1 is 
an arrow and Ex is the longest path ending in x but not with a. The proof of the 
lemma is completed. 

Similarly, we have some alternative defining properties of the paths in Qj^. 

5.5. Lemma. Let Q he a canonical quiver of type A^o or A^. 

(1) If X ^ Qo and p is a path, then p G Ql with s{p) = x if and only if x ^ x + 1 
is an arrow, and p is the longest path starting in x but not with x ^ x + 1. 

(2) If X £ Qo and q is a finite path, then q (z Ql with e{q) = x + I if and only if 
X — > a; -|- 1 is an arrow, and q is the longest path ending in x + 1 but not with 
X — > .T + 1 . 

Let Q be canonical of type Aqo or A^. Since Qr and Q^ are sets of paths having 
pairwise distinct starting points, they are equipped with the well order ^ and the 
source-translation which is denoted by o}, for Qr and by for Q^. If no risk of 
confusion is possible, the subscripts in cr^ and a^^ will be dropped. The following 
result reveals the link between the source-translates and the double-hooks. 

5.6. Lemma. Let Q be a canonical quiver of type A^o or A^. 

(1) If p, q are paths in Q, then p,q £ Qr with q = cr^^ ^p) if and only if q is a finite 
path in Qr and a : e{q) s{p) is an arrow such that {q, a,p) is a double-hook. 

(2) If p, q are paths in Q, then p,q G Ql with q — o'^(p) */ md only if q is a finite 
path in Ql and /3 : e{q) <— s{p) is an arrow such that (q,P,p) is a double-hook. 

(3) If {q,a,p) is a double-hook with q finite, thenp,q G Qr orp,q G Ql- 

Proof. Let p, q be paths in Q. Suppose that g is a finite path in Qr with e{q) — x 
and a : a; -f- s{p) is an arrow such that (g, a,p) is a double-hook. By Lemma l5.4r 2). 
s{p) = X -\- 1, and by Lemma r5.4f 1). p G Qr. Since s{q) < x < x -\- 1 = s(j)), we 
have q -< p. If q is trivial, then q = £x with s(g) = s(p) — 1, and hence q = crj^{p). 
Otherwise, g is a right-oriented maximal path ending in x. Thus, for any y G Qo 
with s{q) < y < X, we have an arrow — 1 — ;> ?/, and by Lemma l5.4r i). y ^ s{v), 
for any v G Qr. Thus, (Th(-P) = 9- 

Conversely, suppose that p,q £ Qr with g = cr^{p). Write b = s{q) < s{p) ~ a. 
In particular, a — 1 G Qo- By Lemma I5.4f 1). a : a — 1 a is an arrow, and p 
is the longest path starting in a but not with a. Let {u,a,p) be the double-hook 
determined by a, that is, u is the longest path ending in a — 1 but not with a. 
If u is infinite, then it is right-oriented and contains the arrow 6 — 1 — >■ 6, which 
contradicts Lemma I5.4f 1) since g G Qr. Thus u is finite. By the sufficiency we 
have proved, u = aj^(p) — q. This establishes Statement (1). Similarly, we may 
prove Statement (2). 

Finally, let {q,a,p) be a double-hook with g finite. If a is a left-oriented arrow 
X X + 1, then p,q £ Qr by Lemma 15.41 If a is a right-oriented arrow x — ;> x + 1, 
then p, g G Ql by Lemma 15.51 The proof of the lemma is completed. 
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5.7. Corollary. Let Q he a canonical quiver of type Aoo or A^. 

(1) If q G Qr, then <y~{q) is defined in Qr if and only if q is finite. 

(2) Ifp G Ql, then {p) is defined inQ^ if and only ifp is finite with e{p) — l £ Qq. 

Proof. Let q £ Qr. If <^j^ (q) = P G Qr, then q — ct^Xp), which is finite by Lemma 
15.6( 1). Conversely, suppose that q is finite with e(g) = x. By Lemma I5.4r 2). 
a : a; ^ a; + 1 is an arrow, and q is the longest path ending in x but not with a. 
Let (q,a,p) be the double-hook determined by a. By Lemma [5. Gd *). p € Qr and 
q = cr^(p). That is, p = (J~(q). This establishes Statement (1). Similarly, we can 
prove Statement (2). The proof of the corollary is completed. 

We are now ready to study the representation theory of Q. Firstly, we show 
that, as in the finite Dynkin case, the indecomposable representations in rep"'"((5) 
are uniquely determined by their dimension vector. 

5.8. Proposition. LetQ be an infinite Dynkin quiver. If M, N are indecomposable 
objects in rep"'"((3), then M = N if and only if dimAI (x) ~ dim7V(a;), for all x £ Qq. 

Proof. Let M, N be representations in rep+((5) such that dimAf(a;) ~ dimiV(x), 
for all X £ Qq. In particular, M,N have the same support which is denoted as Q'. 
By Theorem ll.l2( 1). M © is projective restricted to a co-finite successor-closed 
subquiver S of Q' . Let J? be the predecessor-closed subquiver of Q' generated by 
the augmented complement of S in Q' and the top-support of {M © N)^. By the 
dual of Theorem I1.13f 2). M^^ and A^j are indecomposable. Since Q' is top-finite 
and S is co- finite in Q' , we see that J? is finite. Since Q is of infinite Dynkin type, 
n is a. finite Dynkin quiver. Therefore, Af,j = A^j , and hence A/ = iV by the dual 
of Theorem 1 1.13f lV The proof of the proposition is completed. 

In order to classify the indecomposable representations in Tep^{Q), we need to 
define the string representation M{w), associated to a string w in Q, as follows: if 
X £ Qo, then M[w)(x) — k in case x appears in w and M{w){x) = otherwise; 
and if a 6 Qi, then M{w){a) = 1 in case a or appears in w, and M{w){a) = 
otherwise; compare [13l page 158]. By definition, M{w) — M(u'~^). In case Q is of 
type Aoo or A^, we shall prove that the indecomposable representations in rep^{Q) 
are parameterized by the strings having no left infinite path. Note that this does 
not follow directly from the result of Butler and Ringel stated in [T3] . Indeed, if Q 
contains infinite paths, then the path algebra kQ is not a string algebra as defined 
in |13[ Section 3]. Nevertheless, Theorem 11.131 allows us to apply their results. 

5.9. Proposition. Let Q be a quiver of type AJ^ or Aoo- If M is an indecomposable 
object in rep((3), then M is finitely presented if and only if M = M{w) with w a 
string having no left infinite path. 

Proof. We may assume that Q is canonical. For proving the sufficiency, let w be 
a string in Q having no left infinite path, which we may assume to be infinite and 
normalized. Let wi be the initial walk and Wn the terminal walk of w. Suppose 
that wi,Wn are distinct and both infinite. Then and Wn are right infinite 
paths. Observe that suppM(w) = Q. Let a : x ^ y he the initial arrow of w^^ 
and j3 : a b the initial arrow of w„ . Consider the full subquiver S oi Q generated 
by the successors of y and those of b. Then S is successor-closed and co-finite in Q 
such that M{w)^ = PyS)Pb. By Theorem fTTW l). M{w) £ rep+((5). In case either 
wi or Wn is infinite, we can prove in a similar manner that M{w) £ rep^((5). 
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Conversely, suppose that M is an indecomposable representation in rep+((5). 
Then supp(M) is connected, and hence, supp(M) = for some reduced walk 

Lj. Being top-finite, supp(A'/) has at most finitely many source vertices and no left 
infinite path. That is, oj is a string having no left infinite path. By Theorem 1 1 . 1 2r 1 ) . 
M is projective restricted to a co- finite successor-closed subquiver E of supp(Af). 
Fix a vertex x in supp(M). Let Q be the predecessor-closed subquiver of supp(Af ) 
generated by x, the augmented complement of S in supp(Af ) and the top-support 
of M^, which is finite. By Theorem 11.13( 2). M^^ is indecomposable. Then, by the 
theorem stated in |13l Section 3], M„ is a string representation of fl. In particular, 
dimfcM(a:) = 1. Since supp(M) = Q{w) = suppM(w), by Lemma [SiSl M ^ M{uj). 
The proof of the proposition is completed. 

We describe the irreducible morphisms in Tep'^{Q) in the following proposition; 
compare [131 page 166]. 

5.10. Proposition. Let Q be a quiver of type or A^o, and let a be an arrow 
in Q and w be a string having no left infinite path. 

(1) If p is a path of maximal length such that wap~^ or pa~^w is a string, then 
the canonical embedding M{w) — >■ M {wap~^) or M{w) M{pa~^w) is irre- 
ducible in rep^((5), respectively. 

(2) If q is a finite path of maximal length such that wa~^q or q~^aw is a string, 
then the canonical projection M{wa~^q) — M{w) or M(q~^aw) — > M{w) is 
irreducible in rep^{Q), respectively. 

Proof. We shall prove the proposition only for one case, since the other cases can 
be treated similarly. Suppose that Q is canonical and w is normalized such that 
wa is a string. Let p be the longest path such that v = wap~^ is a string. Since w 
has no left infinite path, nor does v. The canonical embedding / : M{w) — ?• M(v) 
is defined so that f{x) = 1 if x is a vertex lying in w; and otherwise, f{x) = 0. 

Suppose that / = kg, where g : M{w) — > N and h : N ^ M{v) are morphisms in 
rep+((5). It suflaces to prove that 5 is a section or /i is a retraction. For this purpose, 
we may assume that Hom(M, M{v)) ^ for any indecomposable summand M of N . 
Write L — M{w) (BN(BM{v), and consider Q' = suppL, which is connected by the 
assumption. By Theorem ll.l2r i). L is projective restricted to a co- finite successor- 
closed subquiver S of Q' . Being connected, Q' has a finite connected subquiver A 
which contains the arrow a, the top-support of and the augmented complement 
of S inQ'. Since Q' is top-finite, the predecessor-closed subquiver H of Q' generated 
by A is finite and connected. Then M{w)^ = M{u) and = M(uaq~^), where 

u ~ w r\ Q and q = p C\ f2. Observe that q is the longest path in i? such that 
uaq^^ is a string in fi, and : M{u) — > M{uaq^^) is the canonical embedding. 
By the lemma stated in [T31 page 166], is irreducible in rep(/2). Thus g^^ is a 
section or /i„ is a retraction. By the dual of Theorem II. 13( 3). 17 is a section or h is 
a retraction. The proof of the proposition is completed. 

5.11. Lemma. Let Q be a quiver of type AJ^ or Aqo, and let w be a string such that 
M{w) and DTrM(u') are indecomposable objects in rep^((5). If a is an arrow and 
q is a path such that wa^^q is a string, then q is finite. 

Proof. Let a be an arrow and g be a path such that wa~^q is a string. Then M(w) 
admits a minimal projective resolution 
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^ (BU Px, ^ ©/=1 Py, ^ M{w) ^ 0, 

where yi,...,?/^ are the source vertices in Q{w), and by Lemma 12.101 we may 
assume that xi — e{q). By Lemma 12.51 TJTtM{w) admits a minimal injective 
co-resolution 

^ DTrM (w) Ix, ^ ©/=i ly, 0. 

Since xi ^ Q{w), none of the vertices in supp(©jL]^ ly^) appears in q. Hence, q is 
contained in the support of DTrAf(w). By Lemma [1.6f 2). q is not a left infinite 
path, and hence it is finite. The proof of the lemma is completed. 

As shown below, the almost split sequences with an indecomposable middle 
term in rep~'"(Q) are parameterized by the double- hooks with no left infinite path; 
compare [13l page 174]. 

5.12. Proposition. Suppose that Q is a quiver of type or Aoc- 

(1) //((?, a^p) is double-hook with q finite, then rep+((5) has an almost split sequence 

^ M (q) ^ M (p a-^q) ^ M{p) ^ 0. 

(2) Every almost split sequence with an indecomposable middle term in rep^((5) is 
of the form stated above. 

Proof. Let (g, a,p) be double- hook with q finite. Consider the short exact sequence 

(1) ^M{q)^M{pa-\)^M{p) ^0 

in rep~''((5), where / is the canonical embedding and g is the canonical projection. 
By Proposition I5.10[ / and g are irreducible. Since rep+((5) is a KruU-Schmidt 
category, the sequence (1) is almost split; see [6l (2.15)]. Conversely, assume that 

(2) ^L— ^M^^TV ^0 

is an almost split sequence in rep+((3) with M indecomposable. By Proposition 
15.91 N = M{w), where w is a string with no left infinite path. We shall show that 
the sequence (2) is as stated in Statement (1) by considering all possible cases. 

Firstly, assume that there exists an arrow (3 such that w/3~^ is a string. Let q 
be the longest path such that wfi^^q is a string. By Lemma [5.11) q is finite. Now 
rep+((5) has a short exact sequence 

(3) ^M{q)^^M{wl3-'^q)^^M{w) ^0, 

where /' is the canonical embedding and g' is the canonical projection. By Lemma 
I5.9f 2). g' is irreducible. Since M is indecomposable, the sequence (3) is isomorphic 
to the sequence (2), and hence it is almost split. Let p be the longest path such 
that pl3~^q is a string. Then {q,a,p) is a double-hook with q finite. By the suf- 
ficiency we have proved, — ^ M{q) — ^ M{p(3~^q) — ^ M{p) — ^ is an almost 

split sequence in rep"'"(Q), which is isomorphic to the sequence (3). That is, the 
sequence (2) is of the desired form. Similarly, we can treat the case where there 
exists an arrow /? such that /3w is a string. 

Next, suppose that there exists an arrow 7 such that j^^w is a string. Let p be 
the longest path such that pj^^w is a string. Consider the short exact sequence 

(4) ^ M{w) — ^ M{p j-^w) M{p) ^ 
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in rep"*"(Q), where u is the canonical embedding and v is the canonical projec- 
tion. By Lemma IS.lOf 1). u is irreducible. In particular, M{w) is not injective. 
Since M{w) is not projective, neither is M(pj~^w). Since M is indecomposable, 
tM{p^~^w) = M. By Proposition 13. 6[ M is of finite dimension, and so is M{w). 
Therefore, rep+((5) has an almost split sequence 

(5) ^M{w) ^TrDM(w) ^ 0. 

Since M{w) is not projective, E has no projective direct summand, and since M 
is indecomposable, so is E. As a consequence, the sequence (4) is isomorphic to 
the sequence (5), and hence it is almost split. Let q be the longest path such that 
pj~^q is a string. By Lemma 15.111 q is finite, and consequently, Tep^{Q) has an 
almost split sequence 

^ M (q) M(p ^ M {p) 0, 

which is isomorphic to the sequence (4). In particular, w = q. Since M{q) = M{w) 
is not projective, there exists some arrow /3 such that qfi^^ is a string. This turns 
out to be the first case we have treated. Thus, the sequence (2) is of the desired 
form. Similarly, we can deal with the case where there exists an arrow 7 such that 
W7 is a string. 

Now, we consider the case where e{w) is not defined. Since w is a string with 
no left infinite path, we may write w = pv, where u is a string and p is a right 
infinite path with s{p) a source vertex in Q{w). If v is not trivial, then we can 
write w = p l3~^u, where u is a string and j3 is an arrow. By Lemma lS.lOr i). there 
exists an irreducible monomorphism j : M{u) M{'w), which is impossible since 
M is indecomposable. Thus w ~ p. Since M{p) is not projective, there exists an 
arrow (3 such that p is a string. This is again the first case we have treated. 
Finally, we can similarly treat the case where s{'w) is not defined. The proof of the 
proposition is completed. 

We shall now describe the Auslander-Reiten components of lep^lQ) in case Q 
is of type K^o or A^. By Lemma [2111 we may choose the vertex set of -rrcp+(Q) to 
be the set of the finitely presented string representations. 

5.13. Lemma. Let Q he a canonical quiver of type A^o or AJ^. If p G Qr, then 

(1) tM{p) is defined in r,.f,p+(^Q) if and only if cr(p) is defined in Qu, and in this 
case, tM{p) = M{a{p)) ; 

(2) T^M{p) is defined in /^rcp+(Q) if and only if (y~{p) is defined in Qr, and in this 
case, T^M{p) = M{a~{p)). 

Proof. (1) Let p G Qr with s{p) — x. Suppose that tM{p) is defined in r^c-p+(Q)- 
Since M{p) is not projective, Q has an arrow a : .x — 1 <— a;. By Lemma l5.4f l). p 
is the longest path starting in x but not with a. Let q be the longest path ending 
in a; — 1 but not with a. By Lemmas 15. Ill and 15. 4r 2). q is a finite path in Qr. By 
Lemma 15.6^ 1). q — u{p). Conversely, suppose that ff{p) — q Cz Qr. By Lemma 
I5.6f 1). q is finite and a : e{q) -f- s{p) is an arrow such that (g, a,p) is a double-hook. 
By Proposition [5H;i), tM{p) = M{q). 

(2) If a^{p) = g e Qfl, then p — cr(q), and hence T^M{p) = M{q) by Statement 
(1). Conversely, suppose that T^M{p) G /^rop+(Q)- By Lemma H?^ 2). M{p) is finite 
dimensional, that is, p is finite. By Corollarv l5.7f l). cr~{p) is defined in Qr. The 
proof of the lemma is completed. 
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Similarly, we have the following statement. 

5.14. Lemma. Let Q be a canonical quiver of type Aoo or AJ^. IJ q £ Ql, then 

(1) TM{q) is defined -rrep+(Q) Ci^d only if o~ {q) is defined in Ql, and in this 
case, TM{q) = M{a~{q)) ; 

(2) T^M{q) is defined /^rcp+(Q) */ ^.''^d only if cr{q) is defined in Qi^, and in this 
case, T~M{q) = M{a{q)). 

Let O be a r-orbit in /^rcp+(Q)- We shall say that O is preprojective, preinjec- 
tive or regular if it contains preprojective, preinjective or regular representations, 
respectively. Furthermore, O is called quasi-simple if it consists of quasi-simple 
regular representations. 

5.15. Proposition. Let Q be a canonical quiver of type AJ^ or A^c, and write 
Or = {Mip) \p&Qr} and Ol - {M{p) \ p e Ql}. 

(1) // Qr is non-empty, then Or is a preprojective or quasi-simple r-orbit in 
^rcp+(Q); where the second case occurs if and only if Q is of type A^. 

(2) If Ql is non-empty, then Ol is a preinjective or regular r-orbit in -r'rcp+(Q)7 
where the second case occurs if and only if Q is of type AJ^ . 

(3) If r is a regular component o/ri.cp+(Q)> then it contains either Or or Ol but 
not both, and consequently, Q is of type AJ^. 

Proof. It is evident that for any p,q € Qr, we have q = cr*(p) for some z £ Z. 
Making use of Lemma [5.131 we deduce that Or is a r-orbit in r'rep+(Q). Suppose 
that Or_ is preinjective. Then M{p) = I^ for some p G Qr and x G Q+. In 
particular, p is finite. By Corollarv 15.7( 1) and Lemma [533t2), r~M{p) is defined 
in /^rep+(Q)j a contradiction. Thus, Or is preprojective or regular. Assume that the 
second case occurs. Suppose that Or is non-trivial. Let M{p) with p G Qr be not 
pseudo-projective. By Lemma [5.13r i'). q = cr{p) G Qr. By Lemma f5.6( 1). we have a 
double hook (q, a,p) with q finite. By Proposition l5 . 1 2l M{p) is quasi-simple. That 
is. Or is quasi-simple. Suppose that now Or. Being regular. Or = {M{p)}, where 
p G Qr and M{p) is infinite-dimensional and pseudo-projective. In particular, p is 
infinite. Since M{p) is not projective, Q contains an arrow a : s{p) — 1 s{p). Let 
{q, a,p) be a double hook in Q. By Lemma l5.6f l). q is infinite. As a consequence, 
Q = Q{w) with w = pa~^q. In this case, there exists a canonical projection 
/ : M{w) — ?> M{p). Let g : M{u) — ?> M{p) be a non-zero non-isomorphism in 
rep^((5), where u is a string with no left infinite path. If M{u) is projective, 
then M is a proper subpath of p, and in this case, g factors through /. Otherwise, 
u = pa~^v, where u is a finite subpath of q ending in s{p) — 1. Thus g factors 
through /. That is, / is not irreducible in rep(Q), and by Corollarv 13.51 it is not 
irreducible in rep^((5). Thus, /^rep+(Q) has no arrow ending in M{p). By Theorem 
14.141 {^{p)} is a trivial component of r'rop+(Q)- In particular. Or is quasi-simple. 

Let Q be of type Aqo. Then is a sink or source vertex of weight one. In the 
first case, Eq G Qr with M{eo) = Pq, and in the second case, the maximal path 
Po starting in lies in Qr and M(po) = -Po- In either case. Or is preprojective. 
Conversely, suppose that Or is preprojective. Then, M{p) = for some p G Qr 
with X = s{p). If x — 1 G Qoj then Q has an arrow x — 1 x, which is absurd since 
M{p) is projective. Thus x — 1 ^ Qo, that is, Q is of type Aqq. This establishes 
Statement (1). In a similar way, we can prove Statement (2). 
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To prove Statement (3), let F be a regular component of /^rop+(Q)- Suppose first 
that r — {Af (w)}, where w is a normalized string with no left infinite path. By 
Theorem l4.f 4r 4). M{w) is infinite dimensional, and hence w is infinite. Then either 
the initial walk wi of w or the terminal walk Wn is infinite. In the second case, being 
normalized and not the inverse of a left infinite path, Wn is a right-oriented maximal 
path with a starting point. In particular, ui„ G Qr- If w 7^ Wn, then w = Wna~^v, 
where a is an arrow and u is a string. Since w„ is a maximal path, by Proposition 
IS.lOf 1). rep+(Q) has an irreducible morphism M{v) Af(w), a contradiction. 
Therefore, w — w„ G Qr, and hence F — Or. Similarly, if wi is infinite, then 
r = Ol. Suppose now that F is non-trivial. By Theorem 14.141 rcp+((5) has 

an almost split sequence ^ L *- AI *- N *- , where L,M,N G F. 

By Proposition 15.121 there exists a double-hook {q,a,p) such that L ~ M{q) and 
N = M{p). By LemmaEHa), L,N €Or or L,N e Ol- That is, F contains Or 
or Ol- Finally, observe that Qr Ql — 0- Having only one quasi-simple r-orbit, 
F does not contain Or and Ol ■ The proof of the proposition is completed. 

Example. Let Q be a canonical quiver of type as follows : 

6 0^ l-« 2 ^3-« 4 ^5 5-6^ 7^ 

We denote by pij the path from i to j, and by Poo the infinite path starting in 2. 
Then Ql = {^00,^4,3 , £5} in which the action of a is indicated as follows: 

£5 Pa, 3 Poo- 

By Lemma [5.14( 1). the action of t in Ol is indicated as follows: 

55^- M{p,,)^- M{poo)- 

On the other hand, Qr = {e^ | « < 1} U {p2 3,P4^b} ^ {^i I * > 7}, in which the 
action of a is indicated as follows : 

• • • •<■ £-1 •<■ £0 •<■ £1 •< P2,3 •<■ Pas •< £7 ■< £8 •<■ 

By Lemma [5.13( 1). the action of r in Or is indicated as follows: 

• • • ^- ^-1 5*0 ^ ^1 M (p, 3 ) ^. M{p, , ) ^ ^7 ^ ^8 ^- 

The following result describes the Auslander-Reiten components in the Aoo-case. 

5.16. Theorem. Suppose that Q is an infinite Dynkin quiver of type Aqq- 

(1) // Q has no left infinite path, then /^iop+(Q) consists of the preprojective com- 
ponent and a preinjective component of shape N~A(x> • 

(2) If Q is a left infinite path, then /^rcp+(Q) consists of the preprojective component 
of shape NAqo • 

(3) IfQ is not a left infinite path but has left infinite paths, then /^icp+(Q) consists of 
the preprojective component of shape NAqo and a finite preinjective component. 

Proof. We may assume that Q is canonical. By Theorem 14.61 and Proposition 
15.151 /^rep+(Q) tias a unique preprojective component but no regular component. 
Moreover, by Theorem 14.71 the preinjective components correspond bijectively to 
the connected component of Q~^. If Q has no left infinite path, then Q~^ = Q, which 
is connected. Thus /^rcp+(Q) has a unique preinjective component which is of shape 
N^Aoo by Theorem |4l7i;i). 
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Suppose now that Q contains left infinite paths. Then it has no right infinite 
path. By Theoreni l4.6( 1). the preprojeetive component is of shape NAoo. If Q is a 
left infinite path, then = 0, and hence /^rcp+(Q) has no preinjective component. 
Otherwise, Q has a left infinite maximal path with an ending point x > 0. Then x is 
a sink vertex, and is generated by the vertices y with < j/ < x. In particular, 
is finite and connected. By Theorem 14.71 ^rcp+(Q) has a unique preinjective 
component I, which has a right- most section of shape {Q^)°'^ and contains only 
finite T-orbits. In particular, X is finite. The proof of the theorem is completed. 

Next, we shall describe the Auslander-Reiten components of rep+(Q) in the A^- 
case. Since the preprojeetive component and the possible preinjective components 
have been described in Theorems 14.61 and 14.71 shall concentrate on the regular 
components. 

5.17. Theorem. Let Q he a quiver of type A|^, having r right infinite maximal 
paths and I left infinite maximal paths with < Z,r < 2. Then /^rcp+(Q) consists of 
the preprojeetive component, at most one preinjective component, and at most two 
regular components which are described as follows. 

(1) If Q is a double infinite path, then /^iop+(Q) has a unique regular component of 
shape ZAoo • 

(2) If Q has no left infinite path, then /^rep+(Q) ^f^-' regular components of which 
r are of shape N^Aqo and (2 — r) are of shape ZAqo ■ 

(3) // Q has no right infinite path, then /^rop+(Q) has two regular components of 
which I are of shape NAqo and (2 — /) are of shape TjAoo- 

(4) // Q has a left infinite maximal path and a right infinite maximal path, then 
^icp+(Q) has two regular components of which one is of shape ZAqo and the 
other one is a finite wing. 

Proof. We may assume that Q is canonical. It is easy to see that (5+ is either empty 
or connected. Hence -r'rcp+(Q) has at most one preinjective component. Moreover, 
by Proposition I5.15l 3). /^rcp+(Q) has at most two regular components TZ and C, 
such that M{p) G 7^ for p g Qr, and M (q) e C ior q € Ql- 

(1) Assume that Q is a double infinite path in which the arrows are all right- 
oriented. Then Qji = and Ql = {sx \ x £ Qo}- By Proposition 15.151 C is the 
only regular component. Since — a~^{eo), by Lemma [5. 141 ■'"**S'o — Si, for i £ Z. 
Hence, C is stable. By Theorem 14. 14r i) . C is of shape ZAqo. 

(2) Suppose that Q has no left infinite path. Since Qo = Z, there exist at most 
two right infinite maximal paths. Assume first that Q has no right infinite path, 
that is, it has no infinite path. Then Q can be viewed of the following form : 

• • -Pnqn^ ■ • •grVogo' Vi • • ■P-,„<l-L ■ ■ ■ 

where the p„ are the right-oriented maximal paths and the q„ are the left-oriented 
maximal paths. Thus Qji contains a double infinite chain 

■■■ ^ P-m ^ ■ ■ ■ ^ PO ^ ■ ■ ■ ^ Pn ^ ■ ■ ■ , 

and hence (T^(po) is defined for all i G Z. By Lemma [5.131 tW(po) is defined for 
all i e Z, that is, M{po) is stable. Moreover, contains an infinite chain 

■ • • ^ q-m -<•••-< go ^ •••-< ^ •■• , 
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and thus cr^*(qo) is defined for all i ^ Ij. By Lemma [5.141 T^M{qo) is defined for 
all i G Z. That is, M{qo) is stable. Therefore, /^rop+(Q) has two stable regular 
components TZ and C By Theorem 14.14^ . they both are of shape ZAqo- 

Assume next that Q has exactly one right infinite maximal path qo. We may 
assume that go is left-oriented starting in x. Since go is the unique infinite maximal 
path, Q can be viewed of the following form : 

• ■■In^Pn ■ • •g^Vl'7(i'^ 

where the g„ are the left-oriented maximal paths and the pn are the right-oriented 
maximal paths. Then Ql contains a right infinite chain 

qo < qi < ■ ■ ■ < qn < ■ ■ ■ , 

and thus, cr^*(go) is defined for all i > 0. By Lemma r5.14r i). T'^M{qo) is defined for 
all i >0. That is, M{qo) is left stable. Hence £ is a left stable regular component. 
Since M{qo) is infinite dimensional, by Theorem 14. 14r 2). C is of shape N~Aoo. On 
the other hand, Qji has a double infinite chain 

• ■ • ^ Ex-t ^ ■■■ ^ e^-x ^ pi ^ • • • -< p„ ^ ■ • • . 

Making use of Lemma [5.131 again, we see that is stable, which is of shape ZAqo 
by Theorem [4. 141 

Assume finally that Q has two right infinite maximal paths p and q. We may 
assume that p is right-oriented starting in x, and q is left-oriented starting in y. 
Then Qji has a left infinite chain 

In view of Lemma [5.13r i'). we deduce that M{p) is left stable. Hence 7^ is a left 
stable regular component. Since M(p) is infinite dimensional, TZ is of shape N~Aoo. 
Moreover, since Qh contains a right infinite chain 

<Z £^-(-1 -<■■■< Sx+i -<•••, 
by Lemma [5. 14( 1'). M{q) is left stable. Hence, £ is a left stable regular component. 
Since M{q) is infinite dimensional, C is of shape N^Aqo. 

(3) Suppose that Q has no right infinite path. Using an argument dual to that for 
proving Statement (2), we may show that if Q has exactly one left infinite maximal 
path which is assumed to be right-oriented, then £ is a regular component of shape 
ZAoo and TZ is a regular component of shape NAqo; and if Q has two left infinite 
maximal paths, then TZ and C are two regular components of shape NAqq. 

(4) Suppose that Q has a left infinite maximal path p and a right infinite maximal 
path q. Then p, q are either both right-oriented or both left-oriented. We need only 
to consider the case where p is right-oriented with e{p) = x, while q is right-oriented 
with s{q) — y. Then has a double infinite chain 

• • • -< Ex-i £x-l "^ £y+l -<■■■-< £y+j -<■■■■ 

Therefore, £ is stable of shape ZAqo. On the other hand, q e Qr. If 2; is a vertex 
with z < X or z > y, then z is a middle point of a right-oriented path. By Lemma 
15.4( 1). z ^ s{v) for any v £ Qn- Hence, Qr is finite. By Proposition l5 . 1 5f 1 ) . TZ has 
a finite r-orbit. By Theorem 14. 14( 4). 7?. is a finite wing. The proof of the theorem 
is completed. 

Example. Reconsider the canonical quiver Q of type AJ^ as follows : 
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As seen before, Ql ~ {poo,P4,3, £5}- Therefore, the regular component containing 
the r-orbit Ol is a wing as follows: 

o 

o o 
^ ^ ^ ^ 
000 

On the other hand, since both a and are defined everywhere in Qji, the regular 
component containing Or is of shape ZAqo • 

Finally, it comes to the point for us to study the Doo-case. Recall from Lemma 
15.81 that the indecomposable representations in rep"'"((5) are uniquely determined 
by their dimension vector. 

5.18. Notation. Let Q be an infinite Dynkin quiver of type Dqo. 

(1) For integers i > and j > 1, denote by Ni^j the finite dimensional indecom- 
posable representation in rep+(Q) with dimension vector indicated as follows : 

i times j times 

1 — 2 — 2 — • • • — 2 — 1 — ••• — 1 — — — ••• 
1 

(2) In case Q has infinite paths, for each i > 0, denote by A^i_oo the sincere indecom- 
posable representation in rep((5) with dimension vector indicated as follows : 

i times 

, ^ 

1—2 — 2— ■•• — 2 — 1— ••• — 1 — ... 



The following result describes the indecomposable representations in rcp+((5). 

5.19. Proposition. Let Q he a quiver of type Dqo. If M is an indecomposable 
representation in Tep^{Q), then 

(1) M = M{w) with w a string having no left infinite path, or 

(2) M ^ N^,j with i > and j > 1, or 

(3) M = Ni^Qo with i > 0, and this occurs if and only if Q has right infinite paths. 

Proof. We may assume that Q is canonical. Let M be an indecomposable rep- 
resentation in rep"'"((5). If one of the vertices 0,1 is not in suppM, then M is 
an indecomposable representation of a quiver of type Aoo . By Proposition 15.91 
M = M{w), where w is a string without left infinite paths. 

Suppose that 0, 1 G suppM. If M is finite dimensional, then it is an indecom- 
posable representation of suppAf . Since suppM is of type D„, it is well known that 
M = Nij for some i > and j > 1 ; see, for example, [1] p. 299]. Assume that 
M is infinite dimensional. Since M is indecomposable, suppM = Q. By Corollary 
11.71 Q contains a right infinite path which we assume starts in a vertex a > 3. By 
Theorem ll.l2f 1). M is projective restricted to a co-finite successor-closed subquiver 
S oi Q. By the dual of Lemma ll.lOi we may assume that the vertices x with x < a 
are not in S. Let b be maximal such that b lies in the top-support of M^, and let 
f2 be the full subquiver of Q generated by the vertices x with < x < b. Then 

contains the top-support of and is predecessor-closed in Q since b > a. By 
Theorem ll.l3r i). Af„ is an indecomposable sincere representation of Q. Since il is 
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of type Dft+i, it is well known that there exists some r with < r < 6 — 2 such that 
dimM(x) = 2 for any 2 < x < 2 + r and diniM(y) = lify<2or2 + r<y<6. 
In particular, dimAf(6) = 1. Let c be an arbitrary vertex with c > b. Applying 
the same argument to the full subquiver of Q generated by the vertices x with 
< a; < c, we see that dimAf(c) = 1. This shows that M = A^r.oo- The proof of 
the proposition is completed. 

Remark. The preceding result says particularly that if M is an indecomposable 
representation in rep+((5), then dimM(a::) < 2 for all x G Qq. 

As for the two other types, the study of quasi-simple representations is essential 
in the description of the Auslander-Reiten components of rep+((5). 

5.20. Lemma. Suppose that Q is quiver of type Doo- If F is a regular component 
o/-^rep+(Q)j then every vertex in Q lies in the support of at most two quasi-simple 
representations in F. 

Proof. Fix a; £ Qo- Let be a regular component of /^rcp+(Q) with a sectional 
path Ln — > Ln-i —)■•••—>■ Li, where Li is quasi-simple. In view of the shape of 
F described in Theorem 14. 14[ we see that r'Li € F, for i = 1, . . . , n — 1. Now an 
easy induction on n shows that dimL„(a;) = X)"=o^ dimr*Li(a;). 

Suppose that F contains some distinct quasi-simple representations iVi, iV2, and 
such that Ni{x) ^ 0, for i — 1,2, 3. With no loss of generality, we may assume 
that — t'^Ni and A'2 = t^Ni with < r < s. Then F contains a sectional path 
Ms+i Ms > Mi= Ni. This yields 

dimAfs+i(a::) = X^Lo dimT'iVi(a;) > dim7Vi(a::) -f dim7V2(a;) + dim7V3(a:) > 3, 
which is contrary to Proposition 15.191 The proof of the lemma is completed. 

5.21. Lemma. Let Q he a canonical quiver of type Dqo, and let w he a finite string 
with 3 < s{w) < e{w). If there exist arrows a, /S such that /3wa or /3^^wa^^ is a 
string, then M{w) is a regular representation. 

Proof. Write a — s{w) and b — e(w). Firstly, suppose that Q has a string /3wa with 
a, (3 being arrows. Then a is the arrow (a — 1) — > a and (3 is the arrow 6 — >■ (6+1). 
Applying Lemma l2.12r i) to the unique infinite acyclic walk in Q starting with /?, 
we see that either M{w) is left stable or t'^M{w) is pseudo-projective for some 
integer n > 0. In particular, M(w) is not preprojective. 

For each integer j > 1, consider the indecomposable representation A^fc-i.j as 
defined in Notation IS.lSf l). We may assume that Nb^ij{x) = ioi 2 < x < b, 
Nb-i.j{b + 1) = fc, and A^b_ij(7) = 1 for each arrow j : x y with 2 < x,y < b. 
Since iVf,_ij- is indecomposable, the map Nh-i,j{P) is surjective with a non-zero 
kernel (p : k ^ k'^. On the other hand, M{w){x) — k for each vertex x appearing 
in w, and M{w){'y) — 1 for each arrow 7 such that 7 or ■~f~^ is an edge in w. For 
X G Qq, we set f{x) = ip if w passes through x; and otherwise, f{x) = 0. By 
definition, N^-ijiP) f{h) ^ ^ f{b + l)M{w){P), and since M{w)ia - 1) = 0, 
we have 7Vb_ij(a)/(a — 1) = = f{a)M{w){a). Moreover, if 7 : a; — > y is an 
arrow such that 7 or 7^^ is an edge in w, then a < x,y < b, and in this case, we 
have Nb^i.jij) fix) = p = f{y)M{w)ij). This verifies that / = {/(x) \ x e Qo} 
is a non-zero morphism in rep^(Q) from M{w) to N^^ij. Since the N^-ij with 
j > 1 are pairwise non-isomorphic, by Proposition l4.10T 2). M (w) is not preinjective. 
That is, M{w) is regular. 
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Next, suppose that Q has a strmg (3^^wa^^ with a,j3 being arrows. Then we 
deduce from Lemma f2.13r i) that M{w) is not preinjective. Moreover, in a dual 
manner, we can show that there exists a non-zero morphism from N^^ij to M{w) 
for each j > 1. Therefore, M{w) is not preprojective by Proposition 14. lOr i). That 
is, M{w) is regular. The proof of the lemma is completed. 

We are ready to describe the connected components of /^rcp+(Q) in the Doo-case. 
By Theorems 14.61 and 14.71 we need only to concentrate on the regular components. 

5.22. Theorem. Let Q be a quiver of type Dqo- Then i^rep+CQ) consists of the pre- 
projective component, at most one preinjective component, and exactly one regular 
component which is of shape ZAoo, NAoo, or N~Aoo in case Q has no infinite path, 
has left infinite paths, or has right infinite paths, respectively. 

Proof. Observing that Q"*" is empty or connected, we deduce easily the first two 
parts of the statement from Theorems 14.61 and 14.71 For proving the last part, assume 
that Q is canonical. If Q has a vertex x with x > 2 which is a middle point of some 
path, then Sx is regular by Lemma l5.21l Otherwise, every arrow a not attached to 
2 is a maximal path, and by Lemma 15.211 again. M{a) is regular. This shows that 
-^rcp+(Q) has at least one regular component F. If Q has no infinite path, then F is 
of shape ZAoo by Corollarv l4.16l If Q has left infinite paths, then every left infinite 
acyclic walk in Q is an almost-path, and hence, F is of shape NAoo by Theorem 
14.17^ 2'). If Q has right infinite paths, then every right infinite acyclic walk in Q is 
an almost-path, and therefore, F is of shape N~Aoo by Theorem 14. 17f l). 

It remains to show that F is the only regular component of /^rcp+(Q)- For this 
purpose, we fix a vertex a > 2 in such a way that a is a source vertex if Q has no 
infinite path, and otherwise, a is a middle point of an infinite path. Denote by S 
the full subquiver of Q generated by the vertices x > a. Observe that i7 is a quiver 
of type Aoo, which will become canonical if one replaces x by x — a. Let and 
Sl be the sets of paths in S as defined in Notation 15.31 each of them is equipped 
with a source-translation written as cr^ for Sn and cTj^ for S^. 

Consider first the case where Q has no left infinite path. Then F is of shape ZAqo 
or N~A(x>. In particular, F is left stable. By Lemma [3761 all but at most one quasi- 
simple representations in F are finite dimensional. By Lemma 15.201 F contains a 
finite dimensional quasi-simple representation M such that supp t*M C £'\{a} for 
all i > 0. In particular, the r*M are finite dimensional representations in rep+(Z'). 
For each i > 0, consider the almost split sequence 

in rep~^{Q). We claim that r]i is an almost split sequence in rep"'"(i7). Indeed, 
assume that Q has a right infinite path. Then E is a right infinite path with a 
being the source vertex. For x,y > a, we denote by Px^y the path in S from x to 
y. Then M = M(pr,s) for some s > r > a. In view of Lemma [2.51 we see that 
t'A/ ~ AI{pr+i^s+i), and in particular, rji lies in rcp+(i7) for all i > 0. Hence, our 
claim follows. Assume that Q has no infinite path. Then a is a source vertex in 
Q. In particular, E contains the predecessors of the successors of the vertices in 
suppr'M, for all i > 0. By Proposition 12.16( 1). rji is an almost split sequence in 
rep"'"(i7), for all i > 0. This establishes our claim. In particular, t^M = t'^M, for 
all i >0. Since Eq is indecomposable in rep"'"(X'), by Proposition [5321 there exists 
a double-hook {q, P,p) in S such that M — M{p). By Lemma [5?6l either p,q £ Sr 
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OT p,q e Sl- Since M is left stable in rj.op+(s), by Proposition 15. 15[ the second 
case occurs. Applying Lemma 15.14^ 1). we have 

M{a-\p)) ^ tIM{p) = tIM = r*M 6 F, 

for all z > 0. Similarly, if F' is another regular component of -r'rep+(Q)i then there 
exists some p' G Sl such that M{<7~^{p')) 6 T' for all j > 0. Since both lie in 
Sl, there exists some i G Z such that p' = cr*(p). As a consequence, F intersects 
F\ and hence F = F' . 

Consider now the case where Q has left infinite paths. Then, F is of shape 
NAoo- In particular, F contains pseudo-pro jective but no infinite dimensional rep- 
resentations. On the other hand, Q has no right infinite path. By the dual of what 
we have just proved, /^rcp-(Q) has a unique regular component C which contains 
infinite dimensional representations. By Proposition 14. 12^ 2) . F is obtained from C 
by deleting the infinite dimensional representations. Thus F is the unique regular 
component of /^rcp+(Q) ■ The proof of the theorem is completed. 

6. Number of regular components 

In case Q is of infinite Dynkin type, as seen in the preceding section, the 
Auslander-Reiten quiver -r'rop+(Q) of rep"*'((5) has at most four connected compo- 
nents and at most two regular components. The main objective of this section, 
to the contrary, is to show that /^rop+(Q) h^'S infinitely many regular components 
provided that Q is not of finite or infinite Dynkin type. 

6.1. Lemma. Let S be a finite subquiver of Q. If M is a regular representation in 
rep(i7), then it is a regular representation in iep^{Q). 

Proof. Let M be a regular representation in F-^^-piS)- It is well known that the 
regular components of -rrcp(^) a-re stable tubes or of shape ZA^o. Thus rep(i7) 
admits an infinite chain of irreducible epimorphisms 

^ M» M^-i >-Mi^M 

and an infinite chain of irreducible monomorphisms 

M^Ni^ ^ A^,_i ^ TV, ^ • • • . 

In particular, Hom(Mi,Af) ^ and Hom(M, iV^) 7^ 0, for every i > 1. By the 
first two statements of Proposition HTTOl M is regular in ie-p~^{Q). The proof of the 
lemma is completed. 

6.2. Lemma. // Q is infinite, then every regular component o/r'].op+(Q) at most 
finitely many representations supported by any given finite full subquiver of Q. 

Proof. Let Q be infinite with a finite full subquiver S. Assume that F is a regular 
component of Frep+(Q) containing infinitely many representations Mj with j > 
such that suppMj C E. Since U is finite, we may assume that suppMj — S for all 
j > 0. Setting nj to be the quasi-length of Mj, we deduce from Proposition l2.14f 2) 
that the Uj are pairwise distinct. In particular, we may assume that Uj > for all 
j > 0. By Theorem [4141 F is of shape ZAoo, NA^o or N^Aoo. Thus, for each j > 0, 
there exists in Tep~^{Q) a chain of irreducible epimorphisms of length nj — 1 from 
Mj to a quasi-simple representation Nj , and a chain of irreducible monomorphisms 
of length Uj — 1 from T"^~^Nj to Mj. As a consequence, the Nj and the r^^^^Nj 
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with j > are all supported by S. Since the nj are pairwise distinct, the set 
y = {Nj,T"^~^Nj \ j > 0} is infinite. Since S is finite, y contains infinitely 
many quasi-simple representations having the same support. This is contrary to 
Proposition 12. 141 ^2). The proof of the lemma is completed. 

Recall that a trivially valued translation quiver is called a stable tube of rank 
n{> 0) if it is of shape ZAoo/<t">, and a stable tube of rank one is called a 
homogeneous tube. The following result seems to be well known. However, to the 
best of our knowledge, it is not explicitly stated anywhere. For this reason, we 
include a proof which is suggested by Kerner. 

6.3. Proposition. Let Q be a finite connected quiver without oriented cycles. 

(1) If Q is of Euclidean type, then r^^piQ) has infinitely many homogeneous tubes. 

(2) If Q is not of Dynkin type, then r^^piQ) has infinitely many regular components. 
Proof. (1) Let Q be of Euclidean type. The regular components of /^rep(Q) are 
pairwise orthogonal stable tubes; see [M]. Assume that Q has only two vertices a, b. 
Then Q is the Kronecker quiver K with exactly two arrows a, (3 from a to b. Note 
that the regular components of riep(_R') are all homogeneous tubes; see [M]. Denote 
by the set of monic irreducible polynomials over k, which is known to be infinite. 
For each p e define Mp e rep{K) by setting Afp(a) = Mp(fe) = k[x]/<p>, 
Mp{a) = 1, and Mp{/3) to be the multiplication by the class x G k[x]/<p>. Having 
a dimension vector of the form {t,t), the representation Mp is regular; see [13], 
and quasi-simple since End(Mp) = K[x]/<p>. Moreover, the Mp with p G ^ are 
pairwise orthogonal, and hence lie in pairwise different components of r'rep(ii')- 

Assume now that Q has n ( > 2) vertices and Statement (1) holds for any Eu- 
clidean quiver of 7i — 1 vertices. Then r'rep(Q) has at least one stable tube T of 
rank r > 1; see [Ml Section 6]. Choose a quasi-simple representation 5* in T. The 
perpendicular category S-^, that is the full additive subcategory of rep(Q) gene- 
rated by the representations L with Hom(S', L) = Ext"'^(S', L) = 0, is equivalent to 
rep{Q'), where Q' is an Euclidean quiver of n — 1 vertices; see [TH (10.1)]. Thus, 
the Auslander-Reiten quiver of 5^ has infinitely many homogenous quasi-simple 
representations Si with i> 1. Since F,xt^{Si,Si) ^ 0, we see that Si lies in a stable 
tube 7i of r^cp(Q)- Ti — T for some i then, since End(S'i) is divisible, the quasi- 
length of Si is at most r. Thus we may assume % ^T, for all z > 1. Consider, for 
each i > 1, an almost split sequence 

m ■■ O^S^^E.^S^^Q 

in S^ . Let f : L ^ Si he a non- retraction morphism in rep((5) with L e ^rep(Q)- 
Then L lies in 71 or L is preprojective. In the first case, L G 5^ since 7i T, and 
hence, / factors through gi. In the second case, consider a puUback diagram 

^ S, ^ E ^ L ^ 

II I U 

S, ^ E, ^ 5, ^ 

in rep((5). Since ExtJ(,p(Q) (L, 5'i) = DHomi.ep(Q)(5'i, rL) = 0, the upper row splits. 
Thus / factors through gi. This shows that rji is an almost split sequence in rep((3). 
Consequently, the 71 with i > 1 are all homogenous tubes of r'rep(Q) ■ 
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(2) Let Q be of non-Dynkin type. By Statement (1), we may assmne that Q is 
wild. Then every regular component of -ricp+(Q) is of shape ZAoo; see |35| . Consider 
first the case where Q has only two vertices. We may assume that Q consists of 
the above-mentioned Kronecker quiver K and possibly some extra arrows from 
a to b. Then iep{K) is a fuU additive subcategory of rep((5) generated by the 
representations annihilated by the arrows other than a,/3. By Lemma l6. 11 the Mp 
with p ^ ^ are regular representations in -TropCQ) • Suppose that My is not quasi- 
simple in -r'rop(Q) ioT some q G Then rep((5) has an irreducible epimorphism 
/ : Mq — > N. It is easy to verify that N is annihilated by the arrows other than a, (5, 
and thus / is an irreducible epimorphism in rep(i^). This contradicts the fact that 
Mq is quasi-simple in -rrcp(i<')- Therefore, the Mp with p ^ !^ are all quasi-simple 
in -rrGp(Q)- Suppose on the contrary that -rrGp(Q) ha-s only finitely many regular 
components. Being quasi-simple, the Mp with p ^ !P are contained in finitely many 
T-orbits of -rrcp(Q)- Therefore, contains infinitely many pi with i>\ such that 
the lie in the the same r-orbit of rrcp(Q)- Write Mi = Mp^, for alH > 1. Since 
Ml is regular, there exists some s > such that Hom(Mi,T*Mi) 7^ for every 
i > s; see [SSJ (1.3)]. In particular, Alj ~ t'^^Mi with rij < s, for all j > 1. Then 
there exists some r > 1 such that rir < — s, that is, — > s. This yields 

Hom(M^,Mi) = Hom(r"'Mi,Mi) ^ Hom(Mi, r-"'Mi) ^ 0, 

contrary to the fact that the Mp are pairwise orthogonal. Assume now that Q has 
n ( > 2) vertices and Statement (2) holds for any non-Dynkin quiver of n— 1 vertices. 
Let Q' be a non-Dynkin connected full subquiver of Q with n — 1 vertices. Then, 
-^rcp(Q') has infinitely many regular representations Ni with i > I. By Lemma 16.11 
the Ni are regular representations in -rrop(Q)- Since the Ni are not sincere, they are 
distributed in infinitely many regular components of F^.^p^^gy, see [251 (1.3)]. The 
proof of the proposition is completed. 

6.4. Theorem. Let Q be a connected strongly locally finite quiver. Then -ricp+(Q) 
has only finitely many regular components if and only if Q is of finite or infinite 
Dynkin type, and in this case, the number of regular components is at most two. 

Proof. If Q is of finite Dynkin type, then -ricp+(Q) has no regular component. If 
Q is of infinite Dynkin type, then -ricp+(Q) has at most two regular components 
by Theorems I5.17( 15.171 and 15.221 For proving the necessity, by Proposition 16.31 
we only need to consider the case where Q is infinite but not of infinite Dynkin 
type. Then Q contains a connected finite full subquiver S of non-Dynkin type. By 
Proposition 16. 3[ /^rop+(i;) contains infinitely many regular representations Mi with 
i > I. By Lemma |6. 11 the Mi are regular representations in /^rcp+(Q)- By Lemma 
16.21 they are distributed in infinitely many regular components of /^rcp+(Q)- The 
proof of the theorem is completed. 

To conclude this section, we shall show that any of the four types of regular 
components may appear infinitely many times. 

6.5. Lemma. Suppose that Q is infinite and connected. Let M be a representation 
in r^cp+{Q) such that suppil/ C supp(r"Af ) for some n > 0. If Q has left infinite 
paths, then t"^M is pseudo-projective for some m > n. 

Proof. Let p be a left infinite path in Q. By Proposition 13.61 r"M is finite di- 
mensional. Since Q is connected, there exists a right infinite acyclic walk w which 
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intersects supp(T"Af ) only at s{w) and ends with the inverse of a left infinite subpath 
of p. In particular, all but finitely many edges in w are inverses of arrows. Assume 
that w starts with the inverse of an arrow, then is an infinite acyclic walk which 
ends with an arrow and intersects supp(r"M) only at e{u^^). By Lemma r2.13r 2). 
suppM contains some vertex lying in w^^ but different from e{w^^) — S{w), which 
is absurd since supp(r'W) D suppM. Thus, w starts with an arrow. By Lemma 
I2.12r 2'). DTr™M is infinite dimensional for some m > n, that is, t"'-~^M is a 
pseudo-projective representation in F. The proof of the lemma is completed. 

6.6. Theorem. Let Q be a connected strongly locally finite quiver which is infinite 
but not of infinite Dynkin type. 

(1) If Q has no infinite path, then /^rep+(Q) ^0,^ infinitely many regular components 
of shape ZAqo ■ 

(2) // Q has left infinite but no right infinite paths, then /^rcp+(Q) ^'^•5 infinitely 
many regular components of shape NAqo • 

(3) // Q has right infinite but no left infinite paths, then /^rcp+(Q) ^o.^ infinitely 
many regular components of shape N^Aqo . 

(4) // Q has both left infinite paths and right infinite paths, then -r'rcp+(Q) ^^.s in- 
finitely many regular components of wing type. 

Proof. Statement (1) is an immediate consequence of Theorem 16.41 and Corollary 
14.161 For proving the rest of the theorem, let i7 be a wild finite full subquiver of Q. 
Then r'rep(i;) contains infinitely many regular representations Mi with i > 1 such 
that Mi, T^Mi, and t~ Mi are all sincere representations of S\ see [25l (1.3)]. By 
Lemma 16.11 each Mi lies in a regular component Fi of /^rcp+(Q)- By Lemma 16.21 
the Fi with « > 1 are pairwise distinct. 

Assume that Q has left infinite path. We claim that none of the Mi is left 
stable in /^rcp+(Q)- Indeed, let i > 1 be such that rMi G Fi. Then rMi is finite 
dimensional. Choose i7 to be a finite connected full subquiver of Q containing the 
support of Mi(B rMi. Then r^^Mi = rMi. Since S — suppM^ C 17, the path algebra 
kS is a quotient of the path algebra fci?. By Lemma 5.2 stated in 1 , Chapter VIII], 
T^Mi is a sub-representation of T^jMi. This yields 

suppMi = supp(r^Mi) C supp(T„Mi) = supp(TMi). 

By Lemma l675l 2). DTr'"Mi is infinite dimensional in iep{Q) for some r > 0. That is. 
Mi is not left stable in /^rcp+(Q)- This establishes our claim. Dually, we may show 
that if Q has right infinite paths, then none of the Mi is right stable in -rrcp+(Q)- 

Now suppose that Q has left infinite but no right infinite paths. Then /^rop+(Q) 
has no infinite dimensional representation. By Theorem l4.141 the Fi are all of shape 
ZAoo or NAoo- By the above claim, none of the Fi are left stable. Hence, the Fi 
with i > 1 are all of shape NAqo- This proves Statement (2). Dually, Statement (3) 
holds true. Finally, suppose that Q has both left infinite paths and right infinite 
paths. As seen above, each of the Mi with j > 1 is neither left stable nor right 
stable. By Theorem 14. 14( 4). the Fi are all finite wings. The proof of the theorem 
is completed. 

7. The bounded derived categories 

The main objective of this section is to study the Auslander-Reiten theory in 
D''{Tep^{Q)), the derived category of the bounded complexes in rep+(Q). Making 
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use of the previously obtained results for rep+(Q), we shall be able to give a complete 
description of its Auslander-Reiten components of _D''(rep+((5)). 

We begin with an arbitrary hereditary abelian category H. Let D^{H) stand for 
the derived category of the bounded complexes in T-L. It is well known that D^{Ti.) 
is a triangulated category whose translation functor is the shift functor denoted 
by [1]. If / : X — > F is a morphism in D^{%) and i <^ TL, then we call and 
/[i] : — > the shifts by i of X and /, respectively. As usual, we shall regard 
H as a full subcategory of D^['H) by identifying an object X e 'H with the stalk 
complex X[0]. It is important to observe that each object in D^{H) is a finite direct 
sum of the stalk complexes X[i], where X € H and i G Z. Moreover, for X,Y G 7i, 
Hom£,b(^)(X[i], y[j]) ^ only if i < j < i + 1; see [SlJ (3.1)]. Now, let 

A: x^Y^Z^X[l] 

be an exact triangle in D^{TL). One calls X the starting term and Z the ending term 
of A. We say that A is an almost split triangle if / is minimal left almost split and 
g is minimal right almost split; compare |19j . For various equivalent conditions, 
we refer the reader to 26, (2.6)]. One says that D^{H) has left (respectively, 
right) almost split triangles if every indecomposable object in D^{TL) is the starting 
(respectively, ending) term of an almost split triangle, and that D^{T-L) has almost 
split triangles if it has left and right almost split triangles. 

The following result tells us how the minimal almost split morphisms in D^{T-L) 
are related to those in %. 

7.1. Lemma. Let X,Y, and Z be objects in H. 

(1) // {f,ri)'^ : X ^ Y (B Z[l] is a minimal left almost split morphism in D^{'H), 
then f : X ^ Y is a minimal left almost split morphism in %. 

(2) // (g, Q :Y Q) Z[—l] X is a minimal right almost split morphism in D^{H), 
then g : Y ^ X is a minimal right almost split morphism in %. 

(3) If ^ : X ^ y[l] is an irreducible morphism in D^{TL), then X is injective and 
Y is projective. 

Proof. Let (/, r/)'^ : X Y ® Z[l] be a minimal left almost split morphism in 
D^{H). It is evident that f : X ^ Y is left minimal and is not a section. Suppose 
that u : X ^ M is a non-section morphism in TL. Then u factors through (/, rj)'^ in 
D^{H). Since IIom£)6(-^')(Z[l], A/) = 0, we see that u factors through / in H. This 
proves Statement (1). In a dual manner, we can establish Statement (2). Finally, 
suppose that ^ : X Y[l] is an irreducible morphism in D^iW). Let 

— ^X^M^N — ^0 
be a short exact sequence in %. Since Ext^(iV, Y) = 0, there exists some morphism 
5 : M ^ Y[l\ in D^{'H) such that ^ = 5 o u. Since HomobCH)(>"[l], Af) = 0, we 
see that 5 is not a retraction in D^{H). Thus u is a section in D''{'H), and hence 
a section in Ti. Since "H is abelian, this shows that X is injective. Dually, one can 
show that Y is projective. The proof of the lemma is completed. 

The following result relates the almost split triangles in D^{TL) to the almost 
split sequences in TL. This was first established by Happel in the case where T-l is 
the category of finite dimensional representations of a finite acyclic quiver; see |19l 
(5.4)]. Observe that our approach is very much diflferent from Happel's. 
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7.2. Theorem. Let H be a hereditary ahelian category. 

(1) // — ^ X — ^ Y — Z — ^ is an almost split seguence in %, then it induces 
an almost split triangle X — ^ Y — ^ Z — ^ -'^[l] in D^{'H). 

(2) If S is a simple object in % with a projective cover P and an injective hull I , 
then D^{T-L) has an almost split triangle as follows: 

I [I/S) ® (radP) [1] ^ P[l] ^ /[I]. 

(3) Every almost split triangle in D^{7i) is a shift of an almost split triangle stated 
in the above two statements. 

Proof. (1) Let rj : — ^ X — ^ Y Z — ^ be an almost split sequence in H. 

Then it induces an exact triangle A : X — ^ Y — ^ Z in D^{Ti.). Since g 

is right minimal in it is right minimal in D^{'H). We claim that each non-zero 
non-retraction morphism C : M — > Z in D^{'H) factors through g. Indeed, we may 
assume that C = (/i,^) : M © N[-l] Z, where M,N € H. Then h is a non- 
retraction morphism in "H, and hence it factors through g inl-i. On the other hand, 
since Hom^ibj--^) 1], = 0, we have 77^ = 0, and thus ^ factors through g 

in D^{T-L). This proves that g is minimal right almost split in D^{TL). Hence, A is 
almost split; see (2.6)]. 

(2) Let S* be a simple object in H with a projective cover e : P ^ S and an 
injective hull l : S I. In view of Lemma 12. 1[ we see that P and / are strongly 
indecomposable. Setting h = te, we get an exact triangle 

(*) /[-1]^M^P^/ 

in D^iT-L). Let /i : X — > P be a non-zero non- retraction morphism in D^{H). We 
may assume that ^ = (u, (5) : F Z[-l] P, where Y,Ze'H. Then u : Y ^ P is 
a non-retraction morphism in Ti. Thus eu = 0, and hence, hu = 0. On the other 
hand, since Hom£ibCH)(Z[— 1], /) = Ext^(Z, /) — 0, we have hd = 0. This implies 
that h/j, = 0, and consequently, ^ factors through g. Therefore, g is right almost split 
in D'^iT-L). Since /[—I] is strongly indecomposable, (*) is an almost split triangle 
in D^{'H); see 126, (2.6)]. Furthermore, we may assume that M = N ® L[~l], 
where N,L ^ H. Write / = (/i, 1])-^ and g = {w, gi), where v : I L and 
w : N P are morphisms in Ti. By Lemma [731 is minimal left almost split, and 
w is minimal right almost split. Hence, N = radP and L = I/S. 

(3) Let A : X ^Y Z X[l] be an almost split triangle in D''(n). Up 
to a shift, we may assume that X E H. Since g is right minimal, we may assume 
that Y = M ® N[l] with M,N G H. Write / = (u, C)^ : X ^ M © A^[l] with 
u: X ^ M a morphism in Ti, and g = (^, u) : M © iV[l] Z. By Lemma iTlTl'). 
u : X M is minimal left almost split in H. 

Consider first the case where X is not injective in TL. Then has a non- 
section monomorphism X ^ L, which factors through u. In particular, w is a 
minimal left almost split monomorphism in It is then well known that H has an 

almost split sequence ( : ^ X M N ^ ; see ^ (2.13), (2.14)]. By 

Statement (1), X — ^ M N — ^ -'^[1] is an almost split triangle D^{'H), which 
is isomorphic to A. In other words, A is of the form as stated in Statement (1). 
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Consider next the case where X — I, an injective object in H. Then u : I ^ M 
is a minimal left almost split epimorphism in %. Let g : S* — > / be the kernel of 
u. By Lemma [2.1f 2'). S is simple with q being its injective hull, and M = I/S. 
Suppose that Z ^ "H. Then v = and = —v(^ = 0. Since w : X — M is an 
epimorphism in H, we get ^ = 0, and hence 5 = 0. As a consequence, h : Z ^ /[I] 
is a section, which is impossible since Hom£|b(-^)(/[l], Z) = 0. This shows that 
Z ^ %. Since h ^ and Z is indecomposable, Z = P[l] for some P £ %. Then, 
h = s[l] and v = where s : P ^ I and j : N ^ P are morphisms in H. Now 

A[_l]: /[_i]iLiy[_i]^tip^^/, 

is an almost split triangle in D''{H), where g[-l] = : M[-l] ® N -i' P. 

By Lemma I7.1f 2). j : N ^ P is minimal right almost split in 7^. If P is not 
projective, then we can show that A[— 1] is isomorphic to an almost split triangle 
induced from an almost split sequence in Ti ending with P. In particular, /[—I] is 
isomorphic to an object in "H, which is absurd. Thus P is projective. Therefore, 
J : iV — >■ P is a minimal right almost split monomorphism. Let e : P — T be the 
cokernel of j. By Lemma l2.1f l). T is simple with e being its projective cover and 
N = radP. Moreover, since s o g[—l] = and fs = 0, we have sj = and us = 0. 
This yields a factorization s = qpe, where p : T — S* is a non-zero morphisni in Ti. 
Since T, S are simple, p is an isomorphism. That is, A is of the form as stated in 
Statement (2). The proof of the theorem is completed. 

Combining Theorem 17.21 and Corollarv 12 . 2 1 vields immediately the following con- 
sequence. This is, in the Hom-finite case, a result of Reiten and Van Den Bergh, 
which is stated without a complete proof in [34l (1.3.2)]. 

7.3. Corollary. IfH is a hereditary abelian category, then 

(1) D^{Ti?) has left almost split triangles if and only if H is left Auslander-Reiten 
and the socle of any indecomposable injective object has a projective cover ; 

(2) D^{T-L) has right almost split triangles if and only ifH is right Auslander-Reiten 
and the top of any indecomposable projective object has an injective hull. 

From now on, we shall specialize our previous results to the case where Ti is 
an abelian full subcategory of rep((5). First of all, combining Theorems 12.81 and 
17.21 we get immediately the following description of certain almost split triangles 
inI?^(rep(Q)). 

7.4. Theorem. Let Q be a strongly locally finite quiver, and let M be an indecom- 
posable representation in rep(Q). 

(1) If M is a non- projective object in rep+((3), then Z?''(rep((5)) has an almost split 
triangle DTrAf ^N^M^ (DTr Af)[l]. 

(2) If M is a non-projective object in rep^(Q), then D^{re'p{Q)) has an almost split 
triangle M ^ N TrDAf ^ M[l] . 

(3) If X is a vertex in Q, then Z?''(rep((5)) has an almost split triangle 

4 ^ I./S^ © (radP,) [1] ^ P,[l] ^ /,[!]. 

The rest of the section is devoted to our main objective, that is, to study the 
Auslander-Reiten theory in Z?^(rep+(Q)). We begin with a complete description of 
its almost split triangles. 
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7.5. Theorem. Let Q be a strongly locally finite quiver, and let M be an indecom- 
posable representation in Tep^{Q). 

(1) If M is neither projective nor pseudo- projective, then _D''(rep+((5)) has an al- 
most split triangle DTrM ^ N M (DTrA/)[l] . 

(2) // M is finite dimensional and not injective, then D^{rep^{Q)) has an almost 
split triangle M — ^ — ^ TrD M — ^ Af [1] . 

(3) If X is a vertex in , then _D^(rep+((5)) has an almost split triangle 

I. 1x1 © (radP,) [1] ^ P.,[l] 

(4) Every almost split triangle in Z)^(rep+((5)) is a shift of an almost split triangle 
stated in the above three statements. 

Proof. The first three statements fohow immediately from Theorems 12.81 and 17.21 
Now consider an almost split triangle A : L — ^ M — ^ N — ^ L[l\ in D''(rep+(Q)). 

Up to a shift, we may assume that L G rep'*~((3). If A is induced from an almost 
split sequence in rep+(Q), then it is of the form stated in Statement (1) or (2). 
Otherwise, by Theorem 17. 2[ N = for some a; e Qo and L is the injective hull 

of Sx in rep~'~((5). By Proposition [TTl6f 3) . x G , and hence L = Ix- That is, A 
is of the form as stated in Statement (3). The proof of the theorem is completed. 

Next, we want to describe the irreducible morphisms in _D^(rep+((5)). Being 
non-zero, they are of the form / : M[i] N[i] or C, : M[i] — > N[i + 1], where 
M, N G rep+((5) and i G Z. It is evident that we need only to study the irreducible 
morphisms of the second kind. 



7.6. Lemma. Let M,N be representations in rep^((5). If M is indecomposable, 
then D^iep+iQ)) has an irreducible morphism 77 : Af — )■ iV[l] if and only if there 
exists some x G such that M = Ix and N is a direct summand of radP^; . 
Proof. Suppose that M is indecomposable. The sufficiency follows easily from 
Theorem I7.5r 3). Let 77 : Af 7V[1] be an irreducible morphism in il'''(rep"'"((3)). 
We claim that M is finite dimensional. Indeed, by Lemma [73j3) and Proposition 
I1.16[ A'^ has some Py with y G Qo as a direct summand. Then iD''(rep"'"(Q)) has an 
irreducible morphism C, : M ^ Py[l\] see [H (3.2)]. By Theorem[Ll3), i:i''(rep(Q)) 
has an almost split triangle 

ly ly/Sy © (radP,) [l] ^ P,[l] ^ Iy[l]. 

Since C is not a retraction in _D''(rep((5)), we have C = Of+qS^, where / : A/ — > ly/Sy 
is a morphism in rep(Q) and ^ : Af -> (radPy) [1] is a morphism in D''{rep{Q)). 
The composition of 9 and / is given by a puUback diagram 

Of: ^Py ^L ^0 

II 1 i' 

0: ^Py ^ly/Sy ^0 

in rep((5), where L G rep'^{Q). Let S be the successor-closed subquiver of Q 
generated by the vertices in suppi. Restricting the preceding pullback diagram to 
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U yields a puUback diagram 

Of : ^ Py ^ L ^ M ^ 

I ,, 

6,: O^Py^U,^ {ly/Sy), 

in rep'*'((5). That is, we have a factorization ( = {9^, q) (/^, in £)^(rep+((3)). 
Since {9^, q) : (ly/Sy)^ ®radi-'y[l] — >■ Py[l] is clearly not a retraction, the morphism 
(/r; 0'^ ■ M {ly/Sy)^ ® (radPy)[l] is a section. Then, is a section, and hence 
M is a direct sumniand of (ly/Sy)^. On the other hand, since S is top-finite by 
Lemnia ll.6[ (ly/Sy)^ is finite dimensional, and so is M. This establishes our claim. 
Then, by Proposition 11.161 and Lemma 17.1( 3). we may assume that M — with 
X G Q^. By Theorem 17. 5f 3). I?''(rep+(Q)) has an almost split triangle 

L ^ /x/^. ® (radP,) [1] ^ P41] ^ /,[1]. 

Since r] : Ix ^ -/V[l] is an irreducible morphism in £'''(rep+(Q)), one has a retraction 
(Cm;) : Ix/Sx ® (radP,) [1] N[l]. Since Homi56(,ep+(Q))(iV[l], I^/Sx) = 0, we 
see that w : (radP^;) [1] — > N[l\ is a retraction. As a consequence, iV is a direct 
summand of radP^;. The proof of the lemma is completed. 

We are ready to describe the Auslander-quiver -r£)i>(rep+(Q)) of £'''(rep+((3)). 
Since vep^(Q) is hereditary and abelian, the vertices in PD''(rep+(Q)) can be chosen to 
be the complexes of the form M[i] , and then the arrows are of the form AI[i] N[i] 
or M[i] N[i + 1], where M, N e r,.cp+iQ) and i e Z. 

7.7. Lemma. Let Q be a strongly locally finite quiver. 

(1) If a : M ^ N is an arrow in Prop+(Q); then it is also an arrow in P_Di>(rcp+(Q)) • 
{2) If P : X y is an arrow in Q, where x G , then it induces an arrow 

[P] : 4 Py[l] m roi>(rop+(Q))- 
(3) Each arrow P£i')(j.(jp+(Q)) is a shift of an arrow stated in the above two state- 
ments. In particular, -rDi>(rcp+(Q)) h'^s a symmetric valuation. 
Proof. First of all, if X is a representation in Prcp+(Q)i then Endi.cp+(Q) (A") and 
End£)6(i.ep+(Q)) (A^) have the same residue algebra which we denote by k^. 

(1) Let M, N G Prcp+iQ) such that the number of arrows from M to N in 
-^rcp+(Q) is c'mjv > 0- Since Hom£|[,(j.(,p+(Q-|-| (X[l], A^) = for any representation X 
in rep''"(Q), we have rad^(,p+(Q) (Af , A^) — rad^b(rcp+(Q))(-^-^7 ^)i ^^nd consequently, 
^rrDi'(rcp+{Q)){M,N) = irri.op+(Q) (M, A^). This yields 

dimfej, irr£,t.(rop+(Q)) (M, N) = dim^j,, irri.op+(Q) (M, A^) 

= dimfc„ irri.op+(Q) (M, A) 
= dimfe^ irr£,b (rcp+(Q)) (M, N) , 
from which we see that the valued arrow M — A in P d'' (rep+{Q)) has a symmetric 
valuation (djj„,djj„), and it is replaced by the dj^,,^ unvalued arrows in Prcp+(Q) 
from M to A^. 

(2) Let X G and y G Qo be such that the number of arrows in Q from a; to y 
is dxy > 0. Then Py is a direct summand of radPa;- By Lemma l7.6( 3). P d'' (rcp+iQ)) 
has a valued arrow axy ■ Ix Pyl^- Since kj^ = k = fcp„[i] by Proposition 11.31 
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we see that axy has a symmetric valuation {d,d). On the other hand, dxy is the 
maximal integer such that Py"" is a direct summand of radP^;. By Lemma l7.6f 3). 
dxy is the maximal integer such that D^{iep~^{Q)) has an irreducible morphism 
( : ly ^ {Py''^)[l]. Hence d = dxy Therefore, the valued arrow axy '■ Ix — ^ Py[^\ is 
replaced by dxy unvalued arrows from Ix to Py [1] , which are indexed by the arrows 
in Q from x to y. 

Finally, every arrow in /^_Di)(rep+(Q)) is a shift of an arrow 7 which is of the form 
M ^ N 01 M ^ N[l\, where M,N G Pvcp+iQ)- By Lemma Ell 7 is as stated in 
(1) or (2). The proof of the lemma is completed. 

As an immediate consequence of Theorem 17.51 the following result describes the 
Auslander-Reiten translation of /^D')(rop+(Q)) which we write as t^. 

7.8. Lemma. If M is a representation lying in Prcp+iQ): then 

(1) T^M is defined if and only if either tM is defined with Tj^M ~ tM , or M — Px 
for some x G with t^AI = Ix[—l\. 

(2) M is defined if and only if either M is defined with M = M or 
M = Ix for some x e with t^M ^ PxX^]- 

If Q is connected, then r'rcp+(g) has a unique preprojective component Vq. By 
Lemmas 17. 71 and l7.8[ ^_D'>(rop+(Q)) has a connected component Cq which is obtained 
by gluing Vq together with the shifts by —1 of the preinjective components of 
^rcp+(Q) in the following way: for each pair (a;, y) with x G and y an immediate 
successor of x in Q, one draws dxy arrows from 1] to Py, where dxy is the 
number of arrows from x to y 'm Q. We call Cq the connecting component of 
r D^i-ccp+iQ)) and describe its shape in the following result. 

7.9. Proposition. Let Q he a connected strongly locally finite quiver. Then the 
connecting component Cq of P j^b/^^^^+i^Q) embeds in "LQ"^ . Furthermore, 

(1) if Q has no infinite path, then Cq is of shape ZQ°^; 

(2) if Q has right infinite but no left infinite paths, then Cq is of shape N^A with 
A the right-most section of the preprojective component of r^cp+{Q)'i 

(3) if Q has left infinite but no right infinite paths, then Cq is isomorphic to a right 
stable translation subquiver of ZQ °p . 

Proof. By Theorem 14.61 the preprojective component Vq of /^rcp+(Q) has a left- 
most section Pq generated by the Px with x G Qo and isomorphic to Q°p. If M is 
a preinjective representation in /^rcp+(Q): then it lies in the r-orbit of some injective 
representation ly with y G Q^. By Lemma f7.8r 2). M[— 1] lies in the r^-orbit of 
Py. This shows that Pq is a section of Cq, and consequently, Cq embeds in Z(5°p. 

(1) Suppose that Q has no infinite path. By Theorem l4.71 Prcp+iQ) has a unique 
preinjective component I of shape N^Q°p, while Vq is of shape NQ°^ by Theorem 
WBl). Therefore, Cq ^ ZQ°p. 

(2) Suppose that Q has right infinite but no left infinite paths. By Theorem 14. 7) 
Prcp+iQ) has a unique preinjective component 2q of shape N~(5°p, and Vq has a 
right-most section A by Theorem 14. 6r 2). Hence Cq is of shape N~A. 

(3) Suppose that Q has left infinite but no right infinite paths. By Theorem 
14.61 the Px with x G Qo are right stable in -r'rop+(Q): and hence right stable in 
^_D''(rop+(Q))- Containing a section of right stable vertices, Cq is right stable as a 
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translation quiver. Thus, Cq is isomorphic to a right stable translation subquiver 
of ZQ°P. The proof of the theorem is completed. 

By Lemmas 17.71 and 17. 8[ a regular component of /^icp+(Q) remains to be a con- 
nected component of /^_Df)(rop+(Q)) • This yields immediately the following result. 

7.10. Theorem. IfQ is a connected strongly locally finite quiver, then the connected 
components o/ F^jt (j.(,p+(Q-) are the shifts of the regular components of r^.^p+(^Qj and 
those of the connecting component Cq. 

Remark. The shapes of the connected components of -r£)6(rep+(Q) are described 
by Theorem 14. 141 and Proposition 17.91 

Example. Let Q be the following quiver 


I 

^ -2 ^ -1 ^ 1 ^ 2 ^ 3 i 

Since the representations Px with x G Qo are all infinite dimensional, the preprojec- 
tive component of /^rcp+(Q) is of shape On the other hand, since — {0}, 

we see that /^rcp+(Q) h^-s a- unique preinjective component {Iq}- Therefore, the 
connecting component of /^D''(rcp+(Q)) is as follows: 

^ Pa ^ Pa ^ Pi 5- P-i ^ P-2 — ^ 

Moreover, by Theorem 16.6^ 4). /^rcp+(Q) has infinitely many regular components of 
wing type, and so does r£,i,(rop+(Q))- 

In case Q is finite, Happel's result says that Z?''(rep+(Q)) has almost split trian- 
gles; see [19]. In the infinite case, we are able to find the precise conditions on Q 
such that D^{rep'^{Q)) has (left, right) almost split triangles. 

7.11. Theorem. If Q is a strongly locally finite quiver, then D''{Tep+{Q)) has (left, 
right) almost split triangles if and only if Q has no (right, left) infinite path. 

Proof. Firstly, we show that D^{Tep'^{Q)) has left almost split triangles if and only 
if Q has no right infinite path. Indeed, the necessity follows immediately from 
Corollary [Tin 1) and Theorem 13.7^ 1). Suppose that Q has no right infinite path. 
Then rep +(Q) = rep^(Q). By Theorem [3Jl;i), rep+(Q) is left Auslander-Reiten. If 
/ is an injective object in rep+((5), by Proposition II. 16^ 2). I = Ix for some x e Qq. 
Then the socle of / is Sx which has a projective cover Px in rep+(Q). By Corollary 
17.3^ . D''(rep"'"(Q)) has left almost split triangles. 

Next, we claim that D^{iep^{Q)) has right almost split triangles if and only if Q 
has no left infinite path. Indeed, by Corollarv l7.3f 2). _D''(rep+(Q)) has right almost 
split triangles if and only if vep^{Q) is right Auslander-Reiten and every simple 
representation Sx with x £ Qo has an injective hull in rep^(Q), where the second 
condition is equivalent to Q = by Proposition I1.16f 3). that is, Q has no left 
infinite path. Now the claim follows from Theorem 13. 7^ 2). 

Finally, it follows from the above two statements that _D''(rep+((5)) has almost 
split triangles if and only if Q has no infinite path. The proof of the theorem is 
completed. 
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